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Elektronske korelacije in transport v več-orbitalnih sistemih
Izvleček
Preučujemo vpliv močnih korelacij na fizikalne lastnosti ter elektronski transport v
več-orbitalnih sistemih z znatno Hundovo sklopitvijo. V to skupino snovi spadajo
rutenati in pniktidi za katere so značilni nizka koherenčna skala, Kondovo senčenje
spina ter tirne vrtilne količine pri različnih temperaturah ter močne korelacije tudi
v območju faznega prostora, ki je daleč od Mottovega faznega prehoda. Takšne
snovi imenujemo Hundove kovine. Pomembnost Hundove sklopitve v več-orbitalnih
sistemih je bila izpostavljena tudi z uporabo teorije dinamičnega povprečnega polja
(DMFT), ki je potrdila eksperimentalna dognanja. V teoriji dinamičnega povpreč-
nega polja igrajo osrednjo vlogo magnetne nečistoče, saj mrežni model snovi pre-
slikamo na model magnetne nečistoče, sklopljene na samo-usklajeno kopel. Fizika
več-orbitalnih nečistoč je, za razliko od eno-orbitalnih nečistoč, slabo raziskana.
V prvem delu podrobno obravnavamo več-orbitalni Andersonov model magnetne
nečistoče. Nizkoenergijske lastnosti modela študiramo s perturbativno teorijo renor-
malizacijske grupe. Najprej s Shcrieffer-Wolffovo transformacijo izpeljemo Kondov
model ter predstavimo fizikalne lastnosti modela. Nato Andersonov problem rešimo
z uporabo numerične teorije renormalizacijske grupe (NRG), ki jo prilagodimo si-
metriji problema. Numerično rešimo tudi Kondov model, preiščemo fiksne točke
ter študiramo njihov vpliv na fiziko nečistoče. Nato obravnavamo vpliv sklopitve
spin-tir in razkrijemo, da ta začne igrati pomembno vlogo pri energijah, ki ustrezajo
Kondovi temperaturi problema v odsotnosti sklopitve spin-tir.
V drugem delu z uporabo DMFT obravnavamo vpliv korelacij na spektralne in
transportne lastnosti več-orbitalnih sistemov. Temperaturno odvisnost upornosti
ter Seebeckovega koeficienta izračunamo z metodo NRG. Kot drugi primer uporabe
metod obravnavamo še Kondo-Hubbardov model.
Ključne besede: več-orbitalni modeli kvantnih nečistoč, Kondov pojav,
Hundove kovine, sklopitev spin-tir, transportne lastnosti, numerična re-
normalizacijska grupa
PACS:72.10.-d 72.15.Qm 71.10.Hf 75.70.Tj

Electronic correlations and transport in multi-orbital systems
Abstract
We investigate electronic correlations and transport in multi-orbital models with
Hund’s rule coupling. Recent theoretical investigations of multi-orbital models
pointed out the vital role of the Hund’s rule coupling, which induces strong cor-
relations away from the Mott transition, suppresses the coherence scale and causes
a two-stage Kondo screening. These properties were also observed experimentally in
ruthenates and pnictides, which are hence called Hund’s metals. Impurity models
play a central role in the dynamical mean-field theory, where we map the problem
of the bulk to an impurity problem coupled to a self-determined bath. However,
the multi-orbital impurity models are, in contrast to single-orbital impurity models,
poorly understood.
We investigate in detail the multi-orbital Anderson impurity model with Kanamori
and Dworin-Narath interactions. First, we derive the corresponding Kondo mod-
els using the Schrieffer-Wolff transformation and apply the perturbative renormal-
ization group theory to investigate their low-temperature properties. The Hund’s
impurity undergoes a two-stage Kondo screening process, where the orbital degrees
of freedom are screened at higher temperatures than the spin. Next, we solve the
impurity problem with the numerical renormalization group impurity solver. We ex-
tend the solver to take advantage of the symmetry of the problem. We address the
Kondo model and investigate the fixed points and their effects on impurity spectral
functions. Last, we consider the spin-orbit coupling and show that the spin-orbit
coupling affects the physics of the model only at temperatures above the orbital
Kondo temperature.
In the second part, we investigate the multi-orbital model on Bethe lattice within
DMFT. We use the NRG impurity solver to calculate the spectral functions and
transport properties, i.e., the temperature dependence of the Seebeck coefficient and
resistivity. In the last part, we investigate the transport properties of the single-
orbital Kondo-Hubbard model.
Keywords: multi-orbital impurity models, Kondo effect, Hund’s met-
als, spin-orbit coupling, transport properties, numerical renormalization
group
PACS: 72.10.-d 72.15.Qm 71.10.Hf 75.70.Tj
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Chapter 1
Introduction
Materials with valence d or f orbitals exhibit fascinating phenomena such as Mott
metal-insulator transition, high-temperature superconductivity, unconventional trans-
port properties, and others. [1, 2, 3] These phenomena originate from strong electron
correlations, which are significant in materials with narrow electronic bands, typical
for materials with valence d, f orbitals. Since d and f orbitals are spatially more
confined and their orbital overlap is smaller than that of s, p orbitals, the Coulomb
repulsion and the kinetic energy of electrons are comparable. Hence delocalization
of electrons becomes energetically less favorable. Since the correlation between the
motion of electrons becomes significant, the independent particle descriptions be-
come invalid. In extreme cases, electrons are entirely localized and form a Mott
insulator—insulating state where the blocking of the charge transport occurs due to
strong Coulomb repulsion and not due to an absence of available one-electron states,
as in the case of conventional band insulators. [4, 5] Properties of strongly correlated
materials have a strong dependence on external parameters such as pressure, tem-
perature, doping, which makes them interesting for research and novel technological
applications.
The proximity to a Mott insulating state is regarded as the hallmark of correla-
tions. [6] The single-orbital Hubbard model is the simplest and widely investigated
model, which exhibits the Mott phenomena. [7] The model is interesting for studying
many-body effects both due to its simplicity and the fact that it gives a good descrip-
tion of high-temperature superconductors. However, in many correlated materials
several bands cross the Fermi level, and single-orbital theories are inapplicable. [8]
Several multi-orbital materials with clear signatures of strong correlations, such
as iron-based superconductors, ruthenates, and pnictides are far from a Mott in-
sulating state. [9, 10, 11] It was found recently, that strong correlations in these
materials originate from the Hund’s coupling rather than from proximity to a Mott
state: results of theoretical investigation helped to realize that a small multiplet
splitting, coming from the Hund’s rule part of the Coulomb interaction (J ≪ U < D,
with D the bandwidth, U Hubbard interaction), has drastic effects at low energy
scales [6, 9, 10, 11, 12]. This has significant consequences for the physics of com-
pounds with Hund’s coupling that are hence being referred to as the Hund’s met-
als [6, 13, 14, 15]. The main focus of this work is the investigation of multi-orbital
models relevant to the description of Hund’s metals.
In multi-orbital materials with finite spin and angular momentum, at energies
relevant to solid-state physics, relativistic effects manifest most prominently as spin-
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orbit coupling (SOC),HSOC = λl·s. Alignment of spin and orbital degrees of freedom
has several implications: at the level of non-interacting electronic structure, it leads
to the lifting of the band degeneracies and can induce a change of topology in
the momentum space, a topic widely discussed today; in atoms, the SOC leads
to the third Hund’s rule; in magnetism, it leads to the spin-anisotropies. [16, 17,
18, 19, 20, 21, 22, 23] We investigate the effects of SOC in multi-orbital impurity
models and observe how SOC affects the screening process and thereby the electronic
correlations.
We also investigate multi-orbital models within the dynamical mean-field the-
ory (DMFT), which is one of the most successful methods in describing phenomena
originating from strong correlations: DMFT construction takes into account the
fact that in the limit of high spatial dimensions (or lattice coordination number)
the Hubbard model reduces to a dynamical single-site problem: an interacting site
embedded into a non-interacting effective bath. [24, 25, 26] This bath, or the dy-
namical mean-field, in contrast to classical mean-field, is a function of energy (or
time), which is required to take into account local quantum fluctuations fully. The
theory is exact in three limits: non-interacting limit, atomic limit and a limit of
infinite coordination number. For most realistic materials the coordination number
can be quite high; hence DMFT is a good approximation. [2]
Within DMFT one is solving an impurity problem subject to a self-consistency
equation. A solid understanding of impurity models hence enables us to interpret the
behavior of the DMFT solutions as some of the bulk phenomena can be understood
from the impurity physics point of view. DMFT solutions can be hard to interpret
due to many energy scales that occur due to complicated on-site interactions and
features of the conduction density of states. It is interesting to note that whereas in
the single-orbital setting the relevant impurity problem was well explored [27] prior
to the development of the DMFT, this is not the case for multi-orbital systems where
the DMFT calculations preceded the investigation of impurity models upon which
those calculations are based [6, 9, 10, 11, 12]. Discovery of the strong influence of
the Hund’s rule coupling within the DMFT has encouraged studies of multi-orbital
effects also for adatoms on metal surfaces. [28, 29]
Even though DMFT maps the lattice problem to an impurity problem, the so-
lution remains a formidable quantum many-body problem, which requires reliable
numerical methods. Two notable classes of impurity solvers emerged, first based on
the quantum Monte Carlo (QMC) [30, 31] method and second based on the numer-
ical renormalization group (NRG) method. [27, 32, 33, 34, 35] QMC is numerically
exact stochastic simulation applicable to a wide range of quantum problems. The
approach is, however, time-consuming, especially at low temperatures or near phase
transitions. Furthermore, the calculations are performed on the Matsubara axis
and to obtain spectra on the real-frequency axis one needs to rely on the analytical
continuation, which is an ill-posed problem. [36, 37] Highly accurate numerical re-
sults are required to get reliable results. NRG, on the other hand, gives results on
the real-frequency axis and is well adapted to study low temperature and ground-
state properties. The method is very accurate at low energies, yet some detailed
high-energy features might be smoothened out due to broadening. We use NRG
Ljubljana [35] to solve multi-orbital impurity problems and perform DMFT calcu-
lations in a wide temperature range.
This work consists of two parts. In the first part, we investigate the impurity
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model, and in the second part, we investigate correlation and transport in bulk. In
Chapter 2 we present the Anderson and Kondo impurity models and the Schrieffer-
Wolff transformation [38]. We also briefly present three methods: renormalization
group, which we use for analytical investigation of the models, numerical renor-
malization group and the DMFT. In Chapter 3, we perform detailed research of
the multi-orbital Kanamori and Dworin-Narath impurity models. [39, 40] We de-
rive the corresponding Kondo model, calculate the couplings and scaling equations,
from which we learn that in the RG-sense the two considered types of interaction—
Kanamori with SU(2) spin and SO(3) orbital symmetry, and Dworin-Narath with
SU(2) spin and SU(3) orbital symmetry—are asymptotically the same. Next, we
solve the impurity problem with NRG and observe the two-stage Kondo screening
process, where partial screening of the orbital moment is followed by the screening
of the spin. We present Kondo temperatures for a wide range of interactions and
impurity occupancies. Solving the Kondo model within NRG reveals a rich set of
fixed points. We demonstrate how different fixed points manifest in the spectra.
Furthermore, we investigate the role of the spin-orbit coupling and observe its ef-
fects on static and spectral properties. We find that the spin-orbit coupling has
significant effects only when its magnitude exceeds the spin Kondo temperature. In
Chapter 5 we perform DMFT calculations for the Kanamori model on the Bethe
lattice at fixed occupancy Nd = 2. We observe that many features found in Hund’s
metals originate from the impurity physics and show that the orbital degrees of
freedom have an essential role in Hund’s physics. We also calculate the transport
properties and identify different transport regimes. In the last part, we consider
the single-orbital Kondo lattice model in combination with the Hubbard model, as
we add the Hubbard interaction to the conduction electrons. Within DMFT we
calculate the resistivity and investigate effects of the Hubbard repulsion.
This work is supplemented with appendices, where we present the technical de-
tails, which were for the clarity left out in the main text. In Appendix A we present
the atomic multiplets of the three-orbital Kanamori model with and without the
spin-orbit coupling. Whereas most of the presented results are numerical, Ap-
pendix B contains the analytical derivation of the multi-orbital Kanamori Kondo
problem, which is one of our main analytical results. We derive the single- and
multi-orbital Kondo models using spin, orbital and quadrupole operators. Addi-
tionally, we derive the Kondo models using Fierz identities and multipole operators,
which we introduce in Appendix C. We also derive the three-orbital Kondo model
in the presence of the spin-orbit coupling. We calculate the corresponding coupling
constants and scaling equations. In Appendix D we present a detailed quantitative
comparison between the Kanamori and Dworin-Narath model. In Appendix E we
present the transport theory within DMFT.
With this work, we contribute to a better understanding of multi-orbital impurity
physics, Kondo models and correlations in Hund’s metals. We learn about the role
and effects of the Hund’s and spin-orbit coupling on the statical, dynamical and
transport properties. The results of this thesis are reported in Ref. [41], containing
the multi-orbital Kondo results and in Ref. [42] discussing the SOC results. The
rest of the presented results is not published yet. During the thesis, results on two
other subjects, magnetism in Sr2TcO4 Ref. [43] and Kondo effect at low-electron
density and high particle-hole asymmetry Ref. [44], that are not directly related to
the subject of the thesis and are hence not discussed here further, were published.
15
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Chapter 2
Introduction To Models and Methods
2.1 Impurity Models
Impurity models exhibit interesting physical phenomena such as Kondo effect [45]
and non-Fermi liquid (NFL) behavior [46, 47, 48, 49, 50, 51], they are used to describe
ad-atoms on a metallic surface [28, 29], they explain the formation of stable magnetic
moments [52] and, last, but not the least, they play a vital role in the dynamical
mean-field theory. [24, 25, 26] Impurity models describe a spatially localized state,
with spin (and orbital) degrees of freedom, that is coupled to a conduction electron
bath. One of the most widely investigated impurity models is the Kondo model
HK =
∑
k,σ
ϵknkσ + JS · s. (2.1)
The first term is the kinetic energy of the conduction band electrons, S is the spin
of the impurity and s is the spin operator acting on the conduction band states
s =
1
2N
∑
k,k′
c†kmσmm′ck′m′ . (2.2)
σ are the Pauli matrices.
The initial motivation for the investigation of impurity models was the puzzling
experimental observation in noble metals, doped with a small concentration of mag-
netic impurities, which exhibit minima in resistivity at low temperatures. [45, 53, 54]
Kondo noticed, that changing the concentration of magnetic impurities affects the
value of residual resistance, but not the temperature at which minima occurs. He
found that this temperature is related to a dynamically generated energy scale,
named Kondo temperature, TK ≈ D exp(−1/Jρ0). The Kondo temperature de-
pends on the density of conduction electrons ρ and coupling between the magnetic
impurity and conduction band electrons J . [45]
Anderson explained the formation of stable magnetic moments in transition
metal ions with a model that supplements a non-interacting bath with an interacting
site. [52] Schrieffer and Wolff showed that the two models—Kondo and Anderson—
are related: the Kondo model is an effective low-energy Hamiltonian of the Anderson
model at integer occupancy. [38, 55, 56]
17
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2.1.1 Anderson Impurity Model
The Anderson impurity model (AIM)
H = Himp +Hhyb +Hbath, (2.3)
compromises of three terms: the on-site impurity interaction Himp, the coupling
between the bath and impurity Hhyb, and the conduction band Hamiltonian Hbath.
The impurity Hamiltonian
Himp = ϵdNd + UNd↑Nd↓, (2.4)
describes a single localized spin-degenerate state with energy ϵd and a Coulomb
repulsion U , which increases the energy in the case of double-electron occupancy.
Operators Ndσ counts the number of electrons with spin σ and Nd = Nd↑ + Nd↓ is
the total electron number operator. The conduction band consists of non-interacting
electrons
Hbath =
∑
k,σ
ϵknkσ. (2.5)
with dispersion ϵk. nkσ is electron number operator, for electrons with moment k
and spin σ. The hybridization Hamiltonian
Hhyb = Γ =
∑
k,σ
Vk
(
d†σckσ + h.c.
)
(2.6)
describes the coupling between the impurity and conduction band. Vk is the tun-
neling amplitude, d†σ creates an impurity electron with spin σ ∈ {↑, ↓}, c†kσ creates
a conduction electron with spin σ and momentum k. We interchangeably use Hhyb
and Γ when we refer to the hybridization Hamiltonian.
In the atomic limit, where impurity and conduction band are decoupled, Vk = 0,
four energy configurations are possible: unoccupied impurity, |0⟩, having total en-
ergy E = 0, impurity with one electron with spin σ =↑, ↓, |1⟩, having energy E = ϵ0,
and impurity occupied by two electrons, |2⟩, having total energy E = 2ϵ0+U . If the
impurity state occupied by a single electron, |1⟩, has the lowest energy: ϵ0 < 0 and
ϵ0 < 2ϵ0+U , a local moment is formed; states with zero or double occupancy,|0⟩, |2⟩,
are non-degenerate, have spin zero and hence vanishing magnetic moment. When
we couple the impurity to the conduction band, local charge fluctuations between
the impurity and conduction band arise. Fluctuations become strongly suppressed
at low temperatures and odd integer fillings. However, the virtual exchange of elec-
trons with the conduction band is possible and leads to spin-flip processes. Schrieffer
and Wolff demonstrated that the low energy effective Hamiltonian of the Anderson
impurity model at integer occupancy and weak hybridization is a Kondo model with
energy-dependent couplings J , which we obtain by applying a unitary transforma-
tion to the AIM.
2.1.2 Kondo Model
The Kondo model
HK =
∑
k,σ
ϵknkσ + JS · s, (2.7)
18
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describes a localized magnetic moment, represented by spin S, coupled to a conduc-
tion band via exchange interaction J .
Schrieffer and Wolff established a rigorous proof of a connection between the AIM
and the Kondo model: the Kondo model can be obtained by applying a unitary
transformation, HK = eSHAIMe−S, S being generators, to the AIM in the small
hybridization limit, V ≪ U , and when ϵd < 0, ϵd+U > 0. This finding supports the
idea that the Anderson impurity may behave like a magnetic moment in a suitable
range of parameters.
To demonstrate the Schrieffer-Wolff transformation, we introduce two projection
operators, PL and PH . PL = Nd(2−Nd) projects states to the low-energy subspace,
i.e. states with a single electron at the impurity, whereas PH = 1 − PL, projects
states to the high energy subspace, i.e. states with zero and double occupancy. The
AIM can be represented as:
HAIM =
⎡⎣HL V
V HH
⎤⎦ . (2.8)
The diagonal terms correspond to energies of the low- and high-energy subspaces,
HL = PLHPL and HH = PHHPH , respectively. The off-diagonal terms, V =
PLHPH = PHHPL, describes the mixing of the low- and high-energy subspaces. We
apply the following unitary transformation
H ′AIM = e
λSHAIMe
−λS, (2.9)
and eliminate V in the first order, by requiring [S,H] = V . We neglect higher order
terms proportional to V n, n > 2, as V ≪ U . The transformed Hamiltonian in the
low-energy subspace, H ′L = PLH ′PL, takes the Kondo form as in Eq. (2.7), with an
effective coupling
J = |Vk|2
U
ϵd(ϵd + U)
< 0. (2.10)
Kondo used the perturbation theory to calculate the third order correction to
the resistivity due to the presence of impurities in a metallic host, and obtained:
ρ ≈ 2πρ0cJ2
[
1 + 4Jρ0 ln
(
T
D
)]
. (2.11)
ρ0 is the density of states at the Fermi level, c is the impurity concentration, D is the
bandwidth of conduction electrons. In the case of an anti-ferromagnetic coupling,
J < 0, the presence of impurities lowers the resistivity, as was found for non-magnetic
hosts Ag, Al, Cu with a small concentration of magnetic impurities Cr, Fe, Mn. As
we approach the Kondo temperature
TK ≈ De1/Jρ0 , (2.12)
the second term becomes of order 1 and the perturbation theory breaks down. This
breakdown indicates a quantitative change of the physics of the Kondo model. In-
deed, at the Kondo temperature, the impurity spin becomes screened by the con-
duction electron spin density.
Single-orbital models are actively investigated, however, in most realistic ma-
terials more than one orbital crosses the Fermi level, and multi-orbital models are
more appropriate for description. In this thesis, we focus on multi-orbital impurity
models relevant to Hund’s metals.
19
Chapter 2. Introduction To Models and Methods
2.2 Renormalization Group
Renormalization group (RG), as applied in the field of impurity physics, is a tool to
investigate the behavior of systems at low energy scales. [32, 57, 58, 59] Within RG,
we integrate out the high-energy states of a system to obtain a description in terms
of renormalized couplings. Anderson first applied the ideas of the RG to the Kondo
model to derive the scaling equation, by using a simple poor man’s renormalization
technique. [60, 61, 62, 63]
Poor man’s renormalization is a single-loop RG transformation, which consists
of two steps. In the first step, we trace out the degrees of freedom in an infinitesimal
interval, δD, at the top and the bottom of the conduction band, D ← D − δD and
−D ← −D + δD, as presented schematically in Fig. 2.1. In the second step, we
determine the effect these states have on the couplings in the Kondo model. After
the transformation, the Kondo model, HK(J) = JS · σ, maps (to the first order in
J) to an effective Kondo model of the same form
HK(J
′) = J ′S · σ (2.13)
with renormalized coupling constants J ′. Scaling equations in the first-order per-
turbation read
β =
dJ
d ln(D′)
= −ρJ2, (2.14)
where J(D′ = 1) = J . D is the bandwidth, D′ is the reduced bandwidth, J is the
bare Kondo coupling and ρ is density of states of the conduction band. The physics
at energies D′ is given in terms of the coupling J(D′). [27, 56]
From scaling equations we learn whether couplings are amplified (β < 0), de-
amplified (β > 0), or invariant (β = 0) after each RG transformation; they are
termed relevant, irrelevant and marginal, respectively. The third order in the per-
turbation reveals whether the marginal coupling is marginally relevant or irrelevant.
Relevant and marginally relevant coupling constants determine the physical proper-
ties of the model.
The coupling constant of the Kondo increases with reduced bandwidth, and for
a constant density of states we obtain an analytical solution for J(D′)
J(D′) =
J
1− Jρ ln(D′) . (2.15)
If the bare Kondo coupling J is antiferromagnetic, the coupling J(D′) diverges as
we reach the Kondo temperature D′ → TK ≈ e−1/ρJ .
Breakdown of the perturbation theory originates from qualitatively different be-
havior of the Kondo model above and below the Kondo temperature, TK : at T ≫ TK
the impurity spin is asymptotically free, whereas at T ≪ TK the Kondo model enters
into a strong-coupling regime, where the impurity and conduction spin state form a
singlet.
One of the central concepts that emerged from the RG are the fixed points.
Hamiltonians in a fixed point remain invariant under an RG transformation, H(J ′) =
H(J). There can be several fixed points in the phase diagram. The Kondo model,
for example, has two fixed points: a trivial, J = 0, fixed point and a non-trivial,
J = ∞, fixed point at the Kondo temperature. Kondo model in the J = ∞ fixed
point is adequately described by the Fermi-liquid theory, which is related to the fact
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Figure 2.1: Renormalization group steps, where the particle and hole excitations
from the top and the bottom of the conduction band are integrated out, to obtain
an effective Hamiltonian at lower energies.
that the conduction band states perfectly screen the impurity. In some cases, the
conduction electrons are not able to perfectly Kondo-screen all impurity degrees of
freedom, which leads to non-Fermi liquid behavior. Such behavior was observed in
uranium and cerium heavy-electron compounds [49, 64], and also in Hund’s metals
in the regime between the spin an orbital Kondo temperature, called spin-freezing
regime [9]. In later chapters, we consider that the multi-orbital Kondo models,
relevant to Hund’s metals, and reveal several non-Fermi liquid fixed points.
To investigate the most complex regime, the crossover at T ≈ TK , a non-
perturbative approach is required, which is a topic of the following section.
2.3 Numerical Renormalization Group
The first accurate solution of the Kondo model was presented by Wilson, who
invented the non-perturbative numerical RG (NRG) approach to circumvent the
weakness (logarithmic singularities) of the perturbative RG method. NRG consists
of logarithmic discretization of the conduction band and an iterative diagonaliza-
tion of Hamiltonians. The technique can be successfully applied to a wide range of
quantum problems such as the Kondo model, the Anderson model, multi-impurity
problems such as the two-impurity Anderson problem, quantum impurities coupled
to a bosonic bath, quantum dots, ad-atoms on metallic surface, lattice systems
within dynamical mean-field theory, and others. [32, 34, 57]
We present the main steps of the NRG on the single-orbital Anderson impurity
model
H =
∑
kσ
ϵkc
†
kσckσ +
∑
kσ
Vk(c
†
kσdσ + d
†
σckσ) +Himp. (2.16)
ckσ, dσ are bulk and impurity operators, respectively, and Himp is the on-site local
interaction. We implicitly assume that the momentum k is rotationally invariant.
The hybridization function describes the coupling between the bath and the impurity
∆(ω) = π
∑
k
V 2k δ(ω − ϵk). (2.17)
Hybridization function in DMFT plays the role of an effective Weiss field. Next, we
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rewrite the Hamiltonian into a continuous form
H =
∑
σ
∫ 1
−1
ρ(ϵ)c†ϵσcϵσdϵ+
∑
σ
∫ 1
−1
h(ϵ)(c†ϵσdσ + d
†
σcϵσ) +Himp. (2.18)
We assume that the dispersion ρ(ϵ) and the hybridization h(ϵ) lie in the [−D,D], D =
1 range. This way we obtained a 1D model. Next, we logarithmically discretize the
continuous conduction band. NRG discretization parameter Λ > 1 defines a set
of intervals with discretiztion points: xn = ±Λ−n, whereas width of the interval is
given by dn = Λ−n(1− Λ−1). Within each interval we replace the conduction band
states with a single state:
a =
Λn/2√
1− Λ−1
∫ Λ−n
Λ−n−1
cϵσdϵ (2.19)
b =
Λn/2√
1− Λ−1
∫ −Λ−n−1
−Λ−n
cϵσdϵ (2.20)
for positive and negative energy, respectively. After discretization, we rewrite the
Hamiltonian into a form of a semi-infinite chain
H =
√
η0
π
∑
σ
(c†0σdσ + d
†
σc0σ) +
∞∑
σ,n=0
(ϵnc
†
nσcnσ + tn(c
†
nσcn+1σ + h.c.)) +Himp (2.21)
η0 is a normalization constant, cnσ corresponds to the n-th site of the chain. In the
large n limit the hopping amplitude tn reduces to
lim
n→∞
tn =
1
2
(1− Λ−1)Λ−n/2. (2.22)
The exponential suppression of the hopping amplitude is essential for the iterative
diagonalization.
The chain can be viewed as a series of HamiltoniansHN , where limN→∞HN = H.
The first Hamiltonian H0 reads:
H0 = Λ
−1/2
(
Himp +
∑
σ
ϵ0c
†
0σc0σ +
√
η0/π
∑
σ
(d†σc0σ + h.c.)
)
(2.23)
Hamiltonian corresponds to a two-site cluster coupled by the hybridization function.
We can apply an iterative scheme for diagonalization of HN+1, once we know eigen-
states of HN . Let HN |r⟩N = EN(r)|r⟩N be an eigenstate of HN . Basis for HN+1 is:
|r, s⟩N+1 = |r⟩N ⊗ |s(N + 1)⟩. (2.24)
|s(N + 1)⟩ is a suitable basis for the newly added site. Models in our consideration
have SU spin and SO orbital symmetry.
NRG gives highly accurate results at all temperatures, and calculates all physical
quantities on the real-frequency axis.
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2.4 Dynamical mean-field theory
The dynamical mean-field theory (DMFT), developed by Metzner, Vollhardt, Georges,
and Kotliar, is a generalization of the classical mean-field theory to quantum many-
body problems and has led to significant advances in our understanding of strongly
correlated materials. [24, 25, 26] The underlying idea of the DMFT is that the cor-
related lattice models in the limit of infinite spatial dimension or connectivity map
to quantum impurity models. Namely, in this limit, the non-local fluctuations van-
ish which results in a purely local self-energy Σ(ω), which is identified with the
self-energy of the Anderson impurity model. The quantum-impurity is subject to a
self-consistency condition, which determines the effective bath of the impurity. The
DMFT limit is a good approximation for materials with high coordination numbers,
e.g., compounds with an FCC lattice, having Z = 12.
We present the basic principle of the DMFT by considering the single-orbital
Hubbard model:
H = ϵ0
∑
iσ
niσ −
∑
ijσ
tijc
†
iσcjσ + U
∑
i
ni↑ni↓. (2.25)
The model describes a lattice of single-orbital atoms, where tij are the tunneling
amplitudes, U is the Hubbard repulsion and ϵ0 is a single-electron atomic level. In
the limit of infinite coordination number, Z →∞, and an appropriate scaling of the
hopping matrix elements, tij, the Hubbard model maps to the Anderson impurity
model
HAIM = ϵdNd + UNd↑Nd↓ +
∑
k,σ
ϵknkσ +
∑
k,σ
Vk
(
d†σckσ + h.c.
)
. (2.26)
The single-electron Green’s function of the Hubbard model reads
G(k, ω) =
1
ω + µ− ϵk − Σ(k, ω)
, (2.27)
where the chemical potential µ is related to the atomic level µ = −ϵd. In general,
the self-energy Σ(k, ω) is non-local. In the limit of infinite coordination number the
self-energy of the Hubbard model becomes purely local, limZ→∞Σ(k, ω) = Σimp(ω).
The impurity Green’s function reads
Gimp(ω) =
1
ω + µ−∆(ω)− Σimp(ω)
. (2.28)
The impurity hybridization function
∆(ω) =
∑
k
|Vk|2
ω − ϵk
(2.29)
is energy dependent and contains all the relevant information about the dispersion
relation and the hybridisation matrix elements Vk. Within DMFT we require that
the local Green’s function of the lattice model under consideration coincides with
the quantum impurity Green’s function:
Gloc(ω) =
∑
k
G(k, ω) = Gimp(ω). (2.30)
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From the requirement follows the self-consistency equation
Gimp(ω) =
∑
k
1
G−1imp(ω) + ∆(ω)− ϵk
. (2.31)
Hence in the DMFT, we need to solve a full quantum-impurity problem, subject to
the self-consistency equation in Eq. (2.31).
Now we present the DMFT steps:
1. Take an arbitrary hybridisation function ∆(ω), e.g. ∆(ω) = 1/2D.
2. Solve the quantum-impurity problem for the hybridization ∆(ω) and calculate
the impurity Green’s function Gimp(ω).
3. Calculate the impurity self-energy
Σimp(ω) = ω + µ−∆(ω)−G−1imp(ω).
4. Calculate the local Green’s function:
Gloc(ω) =
∫
ρ(ϵ)
ω + µ− ϵ− Σimp(ω)
.
5. Update the hybridization function
∆(ω) = ω + µ−G−1loc(ω)− Σ(ω).
If convergence is not achieved, return to the step 2.
We use the NRG impurity solver to solve the quantum impurity problem.
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Chapter 3
Hund’s impurity
Theoretical investigation of Hund’s materials revealed that the Hund’s coupling
increases the electronic correlations, that a two-stage Kondo screening of the orbital
moment and spin occurs, and that models, describing Hund’s metals, exhibit a non-
Fermi liquid behavior at temperatures between the two Kondo temperatures. [6, 9,
28, 65, 66, 67, 68, 69] In this chapter, we present results of a detailed investigation
of two three-orbital impurity models—with Kanamori [39] and Dworin-Narath [40]
interaction—relevant for a description of Hund’s metals.
First, we present the two impurity models and consider them in the atomic
limit. Next, we investigate the low-energy properties by considering the correspond-
ing Kondo model that we derive. We show that the Kanamori and the Dworin-
Narath model have qualitatively the same low-energy physical properties due to
the dynamical symmetry restoration that takes place in the Kanamori model. The
Kondo screening of multi-orbital impurities with finite spin and orbital moment
proceeds in two stages where screening of the impurity orbital moment takes place
at higher temperatures than the screening of the impurity spin. The two Kondo
temperatures—spin Kondo temperature T SK, and orbital Kondo temperature T LK—
are separated up to two orders of magnitude at occupancies, relevant for Hund’s
metals. The orbital moment is only partially screened until the spin is screened.
In the region between the two Kondo temperatures, we identify a non-Fermi liquid
behavior.
We support our analytical findings with more accurate numerical solutions. First,
we present the statical and ground-state properties of the Anderson impurity (AIM)
and the Kondo model. Next, we investigate the screening process for a wide range of
parameters, i.e., Hubbard repulsion U , Hund’s coupling J , and occupancy, and show
that the ground state of the AIM is always a Fermi-liquid. We close the chapter with
a detailed investigation of the screening process in the Kondo model: we investigate
how changing the Kondo couplings affects the screening process, we identify and
characterize the non-Fermi liquid fixed points of the Kondo model and present the
spectra. We find that the strong particle-hole asymmetry of the impurity spectra
originates from the quadruple Kondo interactions.
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3.1 Models
3.1.1 Impurity Model
The Anderson impurity model H = Hbath+Hhyb+Himp, with the Kanamori (α = 1)
or Dworin-Narath (DN) (α = 0) interaction reads [6, 39]
Himp =
U − 3J
2
Nd(Nd − 1) + ϵ0Nd − 2JS2 − α
J
2
L2, (3.1)
Nd =
∑
m,σ
d†mσdmσ, (3.2)
S =
∑
m
d†mσ
(
1
2
σσσ′
)
dmσ′ , (3.3)
L =
∑
σ
d†mσLmm′dm′σ. (3.4)
Nd is total impurity charge operator, S,L are total impurity spin and orbital moment
operators, respectively. σ are Pauli matrices and L are spin-1 matrices for M = 3
orbitals, or spin-l matrices for an arbitrary M , l = (M − 1)/2. U, J, ϵ0 are the
Hubbard repulsion, Hund’s coupling and energy level at the impurity, respectively.
We introduce the parameter α that tunes the impurity interaction between the
Dworin-Narath and the Kanamori form in a continuous way. The latter has an addi-
tional L2 term which breaks the orbital symmetry from SU(M) in DN to SO(M) in
Kanamori Hamiltonian. We investigate the consequences of this symmetry breaking
in the following chapters.
The interactions describe the first two, of three Hund’s rules [70]
• maximize the total spin, S;
• given S, maximize the total orbital angular moment, L;
• minimize the total angular moment J = |L − S| if Nd < M , maximize the
total angular moment J = L+ S if Nd ≥M .
Kanamori and Dworin-Narath models do not consider the spin-orbit coupling. Ef-
fects of the spin-orbit coupling J will be investigated in Chapter 4.
The impurity couples to a non-interacting conduction band with kinetic energy
Hbath =
∑
k,m,σ
ϵkc
†
kmσckmσ. (3.5)
The operators c(†)kmσ annihilate (create) conduction electrons with moment k, spin
σ = ±1/2 and orbital moment m = lz ∈ {−L, . . . , L}. We consider a model where
dispersion ϵk corresponds to a flat density of states (DOS) ρ0 = 1/2D0 with half-
bandwidth D0 = 1. Due to rotational symmetry, we write k = k.
The hybridization function:
Hhyb =
∑
k,m,σ
Vkc
†
kmσdmσ = V
∑
m,σ
c†mσdmσ + h.c. (3.6)
describes the interaction between the impurity and conduction band. For the hy-
bridization function we use the notation
∑
k Vkckmσ = V cmσ, Γ = πρ0V
2 is the
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hybridization amplitude. Note, that both dispersion and the hybridization function
are rotationally invariant.
We will refer to the impurity model above as the Anderson impurity model (AIM)
to distinguish it from the Kondo model, presented next.
3.1.2 Kondo Model
Kondo modes describe low-energy properties of impurities at integer filling, weakly
coupled to the conduction band. The model helps us to understand which degrees
of freedom couple and how relevant the couplings are. We derive the Kondo model
HK = JpNf + JsS · s+ JlL · l+ JqQ · q+
+ Jls(L⊗ S) · (l⊗ s) + Jqs(Q⊗ S) · (q⊗ s). (3.7)
for the Kanamori and DN type of interactions by applying the Schrieffer-Wolff trans-
formation. In Appendix B we present a detailed derivation of the Kondo model.
The Kondo model describes a three-orbital impurity at occupancy Nd = 2, 4–two
electrons or holes since the model is particle-hole symmetric. Nf is the bulk electron
charge operator at the position of the impurity and acts as a potential scatterer of
conduction electrons. S,L,Q are total impurity spin, orbital, and orbital-quadrupole
operators, respectively. Their conduction-electron counterparts are defined as
s =
∑
ss′
c†kmsσss′ck′ms′ , (3.8)
l =
∑
mm′
c†kmsLmm′ck′m′s, (3.9)
q =
∑
mm′
c†kmsQmm′ck′m′s. (3.10)
Quadrupole operators Q are second rank tensors, which can be expressed as a lin-
ear combination of products of orbital operators Qij =
∑
kl α
ij
klLkLl, α
ij
kl ∈ C.1
The Kondo Hamiltonian contains, besides spin-spin, orbital-orbital, and quadrupole-
quadrupole interaction, also the mixed spin-orbital and spin-quadrupole products
L ⊗ S,Q ⊗ S, respectively. Eq. (3.7) can be viewed as a multipole expansion of
the exchange interaction for the spin and orbital degrees of freedom; the highest
orders (dipole for a spin, quadrupole for orbital momentum) relate to the degrees
of freedom carried by the particles (σ = ±1/2 for the spin, m = −1, 0, 1 for orbital
moment). Highest rank for spin is 2σ and 2l for the orbital moment. The entire set
of eight generators {L,Q} is, in fact, equivalent to the set of SU(3) generators {T}:
both sets span a basis for traceless Hermitian 3× 3 matrices.
Term L2 in the Kanamori interaction breaks the SU(3) orbital symmetry of the
DN model, which leads to a splitting of the orbit-orbit and orbit-quadrupole coupling
constants, i.e., Jl ̸= Jq and Jls ̸= Jqs in the SO case, and Jl = Jq and Jls = Jqs in the
SU case. We investigate the consequences of the splitting on physical and spectral
properties of the impurity models. Our findings show that the symmetry breaking
has only quantitative effects on the physics of the model due to dynamical symmetry
restoration induced by the renormalization on approaching the low temperatures.
1Quadrupole and unit-tensor operators are presented in Appendix C.
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Table 3.1: Energy levels of an impurity with Hubbard and Hund’s interaction.
Nd S L E
1 1/2 1 ϵ0
2 0 2 −Jα+ U + 2ϵ0
2 0 0 2Jα+ U + 2ϵ0
2 1 1 −J(4− α) + U + 2ϵ0
3 3/2 0 −3J(3− α) + 3U + 3ϵ0
3 1/2 2 −6J + 3U + 3ϵ0
3 1/2 1 −2J(3− α) + 3U + 3ϵ0
3.2 Low-energy properties
3.2.1 Atomic Limit
We present the AIM multiplet structure by calculating the impurity eigenenergies
for the generalized Kanamori interaction:
Himp = −2JS2 − α
J
2
L2 +
U − 3J
2
Nd(Nd − 1) + ϵ0Nd. (3.11)
The interaction conserves impurity charge Nd, spin S, and total angular moment L,
which are invariant under U(1), SU(2), and SO(3) transformation, respectively. The
impurity energy levels at different occupancies Nd ≤ M are presented in Table 3.1.
As the interaction is invariant under particle-hole transformation the energy levels
at Nd > M are equal to those at 2M −Nd. The Kanamori interaction, in contrast
to the DN interaction, splits the degeneracy of multiplets having the same charge
and spin and different orbital moment (second Hund’s rule). However, the two
interactions have the same ground state at all occupancies, which indicates that the
models have similar low-energy properties.
3.2.2 Kondo Couplings
The Kondo screening of single-orbital impurities is well understood for a number
of different settings. In the simplest case the temperature at which screening takes
place, the Kondo temperature, is determined by the strength of the spin-spin cou-
pling J and density of states at the Fermi level ρF, TK = T0e−1/JρF . Kondo screening
of multi-orbital models is less understood due to the additional orbital degree of free-
dom. Even though the spin-orbit coupling is zero, the screening process of the two
degrees of freedom are dependent due to the mixed spin-orbital and spin-quadrupole
terms in the Kondo Hamiltonian. To better understand the screening process we
calculate the coupling constants, scaling equations and apply the numerical renor-
malization group theory for an exact solution.
Kondo couplings depend on multiplet degeneracies, selection rules and multi-
plet splittings. Kondo couplings for the three-orbital impurity, occupied by two
30
3.2. Low-energy properties
Table 3.2: Excitation energies.
Index Nd L S ∆E
∆E1 1 1 1/2 b(U − (4− α)J)
∆Ea3 3 0 3/2 (1− b)(U − (4− α)J)
∆Eb3 3 2 1/2 (1− b)U + J(b(4− α) + 2(1− α))
∆Ec3 3 1 1/2 (1− b)U + J(b(4− α) + 2)
electrons/holes with the Kanamori on-site interaction read
Jp =
V 2
18
(
6
∆E1
− 4
∆Ea3
− 5
∆Eb3
− 3
∆Ec3
)
, (3.12)
Js =
V 2
18
(
6
∆E1
− 2
∆Ea3
+
5
∆Eb3
+
3
∆Ec3
)
, (3.13)
Jl =
V 2
12
(
6
∆E1
+
8
∆Ea3
− 5
∆Eb3
+
3
∆Ec3
)
, (3.14)
Jq =
V 2
12
(
6
∆E1
+
8
∆Ea3
+
1
∆Eb3
− 3
∆Ec3
)
, (3.15)
Jls =
V 2
6
(
6
∆E1
+
4
∆Ea3
+
5
∆Eb3
− 3
∆Ec3
)
, (3.16)
Jqs =
V 2
6
(
6
∆E1
+
4
∆Ea3
− 1
∆Eb3
+
3
∆Ec3
)
. (3.17)
Ground state of the AIM with Nd = 2 has orbital moment and spin L = 1, S = 1,
respectively, as presented in Tab. 3.1. Note that the parameter α enters only via
excitation energies ∆E, which we present in Table 3.2. We set the impurity energy
level
ϵ0 =
3 + 2α
2
J − (1 + b) [U − J(4− α)] , (3.18)
so we fix the occupancy toNd = 2. We calculate ϵ0 by requiring EGSn < EGSn−1 = EGSn+1,
EGSn being impurity ground-state energy. ϵ0 is measured from the Fermi level. The
parameter b ∈ [0, 1] controls the occupancy of the impurity before the projection
to the Nd = 2 subspace and determines the potential scattering term of the Kondo
Hamiltonian. The term is written so that when b→ 0 and b→ 1 the atomic Nd = 2
ground state becomes degenerate with the atomic lowest states with occupancies
Nd = 1 and Nd = 3, respectively. The excitation energies ∆E1,3 to states with
impurity occupancy Nd ± 1 = 1, 3 are presented in Table 3.2. Superscripts a, b, c
denote the three multiplets with charge Nd = 3 having different values of spin and
orbital moment.
The bare Kondo couplings are presented in Fig. 3.1(a) for different values of the
parameter b and α = 1. The spin-spin coupling Js is substantially smaller than
others for most values of b and changes sign on approaching b = 1 that corresponds
to the regime of valence fluctuations between Nd = 2 and Nd = 3 (at the degeneracy
point between Nd = 2 and Nd = 3, the atomic average occupancy is 30/13 ≈ 2.3,
while at the degeneracy point between Nd = 2 and Nd = 1, the atomic average
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Figure 3.1: (a) Bare Kondo exchange coupling constants of the effective Kondo-
Kanamori model as a function of the impurity level parameter b. Model parameters
are U = 3.2, J = 0.4. The inset shows the relative size of the splittings through
ratios (Jl − Jq)/(Jl + Jq) and (Jls − Jqs)/(Jls + Jqs). (b) Bare Kondo couplings as a
function of Hund’s coupling J for constant Ueff = U − 3J = 2, b=0.5.
occupancy is 8/5 = 1.6). All couplings diverge on approaching the end points b = 0
and b = 1 where the cost for the charge excitations vanishes. The Kondo model
and the derived couplings for the Nd = 2, L = 1, S = 1 atomic ground state
configuration cease to be valid there.
We note in passing that under the particle-hole transformation [71] not only
the potential scattering term but also the spin-orbital coupling and the quadrupole-
quadrupole coupling terms of the Hamiltonian in Eq. (3.7) are odd. As a result, the
two-fold hypercharge degeneracy discussed in Ref. [72] does not apply even in the
absence of potential scattering.
The results are qualitatively similar to those found for the Dworin-Narath model
in Refs. [67, 73] with the distinction that for the Kanamori Hamiltonian the orbital
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and quadrupole couplings are split
Jq − Jl = ∆J/2,
Jqs − Jls = −∆J
with
∆J = V 2
(
1
∆Ec3
− 1
∆Eb3
)
= α
2JV 2
∆Eb3∆E
c
3
.
The splitting results from the different energies of the L = 1 and L = 2 three-electron
spin-doublet multiplets, caused by the −α(J/2)L2 term in the Hamiltonian. For the
Kanamori model with α = 1, the splitting is the largest when the Hund’s coupling
reaches
J =
(1− b)U√
9b2 + 6b
. (3.19)
For two electrons at the impurity (b ≈ 1/2) this occurs for J = 0.22U . Fig. 3.1(b)
shows how the splitting develops as the Hund’s coupling J is increased from zero
while keeping the parameter that controls the charge fluctuations, Ueff = U − 3J ,
constant. In other words, as J is varied, the Hubbard repulsion U is adjusted so
that the effective impurity repulsion Ueff = E(3) + E(1) − 2E(2) = U − 3J is kept
fixed; here E(N) denotes the energy of the lowest multiplet with occupancy N . The
splittings of Kondo couplings are initially linear in J , but then slowly fall off as 1/J .
3.2.3 Scaling Equations
Scaling functions βi = dJi/d ln(D) describe renormalization of the coupling con-
stants as the half-bandwidth D is progressively reduced – note we take the flat
density of states, ρ = 1/2D. Scaling functions to the lowest order read:
βp = 0, (3.20)
βs = −
1
9
(
3Jls
2 + 5Jqs
2 + 9Js
2
)
, (3.21)
βl = −
1
16
(
4Jl
2 + 3Jls
2 + 5
(
4Jq
2 + 3Jqs
2
))
, (3.22)
βq = −
3
8
(4JlJq + 3JlsJqs), (3.23)
βls = −
1
6
(3JlJls + 5JlsJqs + 12JlsJs + 15JqJqs), (3.24)
βqs = −
1
12
(Jqs(18Jl + 7Jqs + 24Js) + 3Jls
2 + 18JlsJq). (3.25)
The potential scattering operator is marginal βp = 0 since the band is particle-hole
symmetric.
Scaling equations reflect the symmetry of the Kondo model. For vanishing
Hund’s orbital coupling in the AIM, the initial orbital and quadrupole coupling
constants in Eq. (3.12) are equal Jq = Jl and Jqs = Jls. For such SU(3) orbitally
symmetric choice of bare coupling constants, the respective scaling functions coin-
cide: βq = βl, βqs = βls and hence Jq = Jl and Jqs = Jls also after RG scaling.
The cross-terms couple the spin and orbital degrees of freedom even in the ab-
sence of the spin-orbit coupling. Hence even if one of the spin or orbital couplings
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Figure 3.2: Scaling of the Kondo coupling constants (top) and β divided by the
spin scaling function βs (bottom) for different initial couplings. In (a) and (b) the
mixed bare couplings Jls,qs = Js,q/100 are suppressed and Jl = Jq, Jls = Jqs. In (c)
and (d) the quadrupole couplings are suppressed, Jq,qs = Jl,ls/100. (e) and (f) the
bare couplings that correspond to the Anderson impurity model with parameters
U = 3.2, J = 0.4,Γ = 1. Inset in (f) shows ratio between the orbital and quadrupole
couplings. Full and dashed lines correspond to ratios Jl/Jq and Jls/Jqs, respectively.
is small or zero, the renormalization process will restore the coupling. It is inter-
esting to omit the cross-terms by setting Jls = Jqs which is also preserved after RG
flow. Only now the spin and orbit coupling constants undergo a separate scaling.
From the ratio of the two scaling functions: βl/βs = 3/2J2l /J2s one sees that besides
the larger bare value of Jl additional factor 3/2 (the ratio of the orbital and spin
degeneracy) helps the faster renormalization of orbital couplings. This behavior,
associated with the larger SU(3) symmetry holds only in the case of Jq = Jl.
When the Hund’s coupling is zero, J = 0, the model becomes equal to the
Coqblin-Schrieffer (CS) model with SU(6) symmetry [64]. In this case, all the cou-
pling constants are related: JCS = 3Js = 2Jl = Jls. This relation also holds for the
scaling functions 3βs = 2βl = βls. The scaling functions depend on the impurity
spin/orbital moment representation. In the case of 2, 4 electrons occupying three
orbitals effects of higher representation are seen only in the scaling of the mixed
terms of Jl,q. [67] (The integer factors could also be absorbed in the definition of the
coupling constants. See Appendix B.7.)
We numerically solved the scaling equations for three characteristic cases. We
display the results in Fig. 3.2. The top panels show the Kondo couplings and the
bottom panels the scaling functions β divided by the spin scaling function βs.
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In left-most panels (a,b) we set the initial values to those of the SU(6) symmetric
case 3Js = 2Jl = 2Jq = JCS = 1 but we suppressed the cross-terms and set Jls =
Jqs = JCS/100. This illustrates nicely the slower running of the spin coupling that
holds until the cross-terms become large. From this point on, the values of constants
and hence the flow approach that of the Coqblin-Scrieffer SU(6) symmetric case.
Middle panels (c,d) display the effects of the splitting between the orbit and
quadrupole terms. We used the Coqblin-Schrieffer values 3Js = 2Jl = Jls = JCS = 1
for all but the quadrupole and spin-quadrupole coupling constants that we sup-
pressed Jq = Jl/100, Jqs = Jls/100. When the quadrupole terms are small they
can be neglected from the scaling equations Eq. (3.21)-(3.25). In this case initially
the scaling of the spin coupling is faster than the scaling of the orbit coupling,
because the normally large contribution of the quadrupole terms Jq,qs to βl is not
present. Only when Jq,qs become comparable to Jl,ls, the renormalization of the
orbital coupling becomes faster than the renormalization of the spin coupling and
the ratio βl/βs approaches 3/2. It is important to note that the splitting between
the orbit and quadrupole and spin-orbit and spin-quadrupole terms disappears at
low energies.
This is also seen in panels (e,f) that show the behavior for realistic set of initial
coupling constants corresponding to the Anderson model (with parameters U =
3.2, J = 0.4,Γ = 1). One sees that the already initially weak splitting between
orbital and quadrupole terms disappears on approaching the low energies (best seen
in inset to (e) that displays the ratio of the two). Thus the multiplet splitting due to
orbital interaction in the Anderson model becomes insignificant at low energies. The
SU(3) and SO(3) symmetric models describe the same low-energy physics. Similar
dynamical symmetry generation (or restoration) has been observed in a number of
other quantum impurity models as well [74, 75, 76, 77, 78].
3.3 Multi-Stage Screening Process
Localized magnetic moment can be perfectly Kondo screened, over- or under-screened.
The ground state of the perfectly screened impurity problem is non-degenerate and
can be effectively described within the Fermi liquid theory. However, in case of
partially screened impurity the ground state exhibits non-Fermi liquid properties.
In this section, we investigate the screening process of the multi-orbital Anderson
impurity within NRG.
The screening process can be observed by inspecting the effective orbital and
spin susceptibilities, χLT and χST , in Fig. 3.3. We compare results for the DN,
Kanamori and Kondo model with exchange couplings set by Eqs. (3.20)-(3.25). At
high temperatures, the results for different models significantly differ due to differ-
ent high-energy physics; e.g. charge fluctuations are absent from the Kondo model.
Nevertheless, at lower temperatures the different models behave alike. In particular,
the Kondo-Kanamori curves are close to the Kanamori ones (the differences become
even smaller if the ratio of the interaction to the hybridization is diminished) which
validates our analytical approach. The Dworin-Narath model behaves similarly, the
main distinction being noticeably higher screening temperature of the orbital mo-
ments. In the inset to Fig. 3.3 we present the spin and orbital susceptibilities. The
former is scaled by 1/4 for easier comparison. The spin susceptibility is much larger
than the orbital susceptibility and the latter saturates at higher temperatures. This
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Figure 3.3: Effective spin and orbital susceptibilities, χST and χLT (main panel)
and susceptibility χS,L (inset) as a function of temperature for Dworin-Narath (DN),
Kanamori (K) and Kondo-Kanamori models. U = 3.2, J = 0.4,Γ = 0.1.
again shows faster screening of orbital degrees of freedom. The orbital susceptibil-
ity has a weak maximum before saturating to the low-temperature value. Similar
behavior was found in earlier work [73].
To confirm the asymptotic equivalence of the models, we present in Fig. 3.4
the finite size spectra calculated with NRG for the DN and the Kanamori impurity
models as a function of the NRG step. The two spectra are the same at low energies,
which shows that the two models have the same low-energy Fermi-liquid fixed point
with excitation spectrum parametrized by the quasiparticle phase shift which is
determined by the Friedel sum rule for fixed occupancy Nd = 2.
3.3.1 Kanamori results at integer occupancy Nd = 2
We now discuss the Kanamori model in more detail. It is convenient to define the
spin and orbital Kondo temperatures as the scale at which the respective effective
moment diminishes below a constant. We take the constant to be 0.07 for spin and
0.07l(l + 1)/s(s + 1) for the orbital effective moment. [27] l, s are orbital moment
and spin of electrons. It is of interest to know how the spin T spinK and orbital T
orb
K
Kondo temperatures vary with the parameters of the Hamiltonian. We first discuss
the results at an integer occupancy Nd = 2.
In Fig. 3.5(a)–(c) we plot T spinK and T
orb
K as a function of the Hund’s rule coupling
J for several hybridization strengths Γ. When J is smaller than the Kondo scale of
the J = 0 model, TK(J = 0) = T 0K, the moments are screened before the Hund’s
coupling has effect. In this regime symmetry of the model becomes SU(M×N), hence
only a single Kondo scale exists T spinK = T
orb
K . The Kondo temperature dependence
on J is initially slow, but becomes faster when J becomes larger than T 0K as seen
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Figure 3.4: NRG finite size spectra for the DN and Kanamori interaction. Param-
eters are U = 3.2, J = 0.4, Nd = 2.
from Fig. 3.5(c). In addition, close to the J ∼ T 0K point, T spinK becomes smaller than
T orbK . Unlike T
spin
K that decreases monotonously with J , T
orb
K has a weak maximum
at J above TK(J = 0), which arises as a consequence of an interplay between
the orbital, quadrupole and spin-orbital, spin-quadrupole interactions. This can be
understood from the behavior of the coupling constants at small J . Namely, upon
expanding the Kondo couplings to first order in J one sees that the orbital-orbital
and quadrupole-quadrupole Kondo interactions increase with J , e.g. Jl = J0l + αJ ,
while the other coupling constants decrease, e.g. Jls = J0ls − βJ , where α, β > 0 are
positive constants.
It is interesting to look at the spin and orbit Kondo temperatures also as a
function of hybridization. In Fig. 3.5(d) we present the logarithms of T spinK and T
orb
K
as a function of Γ−1 for zero and non-zero value of Hund’s rule coupling. In the
first case, the spin and orbit Kondo scales are the same for all Γ. Conversely, in the
second case, the spin Kondo temperature is below the orbit Kondo temperature for
all Γ. The leading exponential dependence on Γ is the same for both T spinK and T
orb
K ,
as seen from equal slopes of the lines. The slopes depend on the repulsion and are
−Ueff/c with (at Nd = 2) c ≈ 3 for the zero-J case and c ≈ 4 for the finite-J case.
The difference is due to increased degeneracy of multiplets in the J = 0 case.
3.3.2 Kanamori results away from integer filling
We now turn to the results away from integer filling. In Fig. 3.6(a)–(f) we display
the Kondo temperatures for several Γ and J , still keeping Ueff = 2 fixed, as a
function of the impurity occupancy Nd in an interval around 2. The spin and
orbital Kondo temperatures behave differently. T spinK exhibit an overall diminishing
trend as Nd is increased towards half-filling (Nd = 3) with a shallow minimum at
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Figure 3.5: Kondo temperatures for the Kanamori model at fixed Ueff = 2 and
fixed impurity occupancy Nd = 2. (a) Spin and (b) orbit Kondo temperatures as a
function of Hund’s coupling J for different values of hybridization Γ. (c) Spin and
orbit Kondo temperatures plotted versus logarithm of the Hund’s coupling J . (d)
Spin and orbit Kondo temperatures as a function of Γ−1 for two values of J = 0, J =
0.2.
Nd = 2 that becomes less pronounced for larger Γ where log T spinK is roughly linear
in Nd. Conversely, T orbK increases when occupancy is changed from Nd = 2 in both
directions for all values of Γ.
The different behavior of both Kondo temperatures on approaching half-filling is
due to the lowest states at Nd = 3 having large spin but vanishing orbital moment,
L = 0, S = 3/2, thus the screening of the spin is strongly suppressed because of its
large size [66, 79], while the orbital moment is screened at a higher temperature. At
half filling, the notion of orbital Kondo temperature becomes meaningless, as the
orbital moment is zero also in the limit of vanishing hybridization. This distinction
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Figure 3.6: Kanamori model. (a-f) Spin and orbit Kondo temperatures as a function
of the impurity occupancy Nd for different values of the Hund’s coupling J at fixed
Ueff = 2, (g) Spin and orbit Kondo temperatures in a larger region of impurity
filling and for zero and non-zero Hund’s coupling. At J = 0 the spin and orbit
Kondo temperature are the same. Γ = 0.1. (h) Ratio between the spin and orbit
Kondo temperatures. The arrows indicate the direction of increasing J .
disappears for J = 0, see Fig. 3.6(g) where the results for zero and non-zero J are
shown in a broader range of Nd. For J = 0 the spin and orbit Kondo temperatures
are the same.
On approaching small occupancies, Nd ≲ 1, the Kondo temperatures rapidly
increase and no distinction is seen between zero and non-zero J cases in panel (g).
When there is on average a single electron in the impurity the Hund’s coupling has
no effect.
In Fig. 3.6(h) the ratio between the spin and orbital Kondo temperatures is
shown. One sees that T orbK /T
spin
K rapidly increases as Nd is increased and at the
occupancy Nd = 2 this ratio is about 10 and is further increasing as we approach
half-filling.
The AIM is perfectly screened for a wide range of interactions and occupancies.
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Another interesting line of investigation is the analysis of the derived Kondo impurity
model for parameters that do not correspond to the Anderson-type model. In the
following section we present our results, which reveal a rich phase diagram with
several distinct non-Fermi-liquid phases.
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Figure 3.7: (a) Entropy and (b) effective susceptibility (full curves represent spin
susceptibility χST , dased curves represent orbital susceptibility χLT ) of the GKKM
with couplings corresponding to the AIM (black curves) and with scaled couplings
(red curves): Jl, Jq → 10 · Jl, 10 · Jq and Jqs, Jls → Jqs/100, Jls/100.
3.4 Screening Process From the Kondo Perspective
The spin and orbital Kondo temperatures of ruthenates are around 10 K and
103 K, [80] respectively, hence the ambient-temperature properties of these materi-
als are that of the partially coherent regime with a quenched orbital moment and
fluctuating spins. The DMFT calculations show that this spin-freezing state has
non-Fermi liquid (NFL) properties. [9] In this section, we investigate this regime
by considering a Kondo model where we change the couplings in order to separate
the two Kondo scales. We show that the intermediate regime is indeed a NFL, and
we find and characterize several fixed points of the model (see Table 3.3). In the
second part, we present the impurity spectral functions and demonstrate that the
low-energy Hund’s physics at temperatures between the two Kondo temperatures
can be described by a Kondo model, with free spin, overscreened orbital moment
and broken particle-hole symmetry.
We consider the generalized Kondo-Kanamori model (GKKM)
HK = JpNf+JsS·s+JlL·l+JqQ·q+Jls(L⊗ S)·(l⊗s)+Jqs(Q⊗ S)·(q⊗s). (3.26)
The Kondo couplings of the GKKM are the ones we obtain from the SW transforma-
tion of the Kanamori model with parameters U = 3.2, JH = 0.4 and at occupancy
Nd = 2: Jp = −0.0044, Js = 0.025, Jt = 0.033, Jq = 0.035, Jts = 0.59, Jqs = 0.055.
To investigate the partially coherent region, we tune the parameters to separate
the orbital Kondo temperature from the spin Kondo temperature. To achieve this,
we diminish the mixed couplings Jqs, Jls → Jqs/100, Jls/100 (to decouple the spin
and orbital degrees of freedom) and increase the orbital and quadrupole coupling
Jl, Jq → 10 · Jl, 10 · Jq. model. We refer to this model as scaled Kondo model. Such
rescaling preserves the symmetry of the
In Fig. 3.7 we present the impurity contribution to the entropy and the spin and
orbital susceptibilities of the GKKM (black curves) and the scaled Kondo model
(red curves). Non-monotonicity in the entropy of the Kondo model is an NRG
artefact, since we cannot retain enough states in the first few iterations. At high
temperatures, the spin and orbital moments are asymptotically free; hence both
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models have the same impurity contribution to the entropy
S1 = log(9) = log((2S + 1)(2L+ 1)), L = S = 1.
In the scaled Kondo model, the two Kondo temperatures are well separated, and we
can observe a plateau in the entropy at numerical value 1.58 in the partially coherent
regime. In the GKKM, two orders of magnitude separate the spin and orbital
Kondo temperatures; however, the slow Kondo screening hides the occurence of the
plateau. In this regime, the spin is asymptotically free, whereas the orbital moment
is overscreened. To further investigate this state, we consider a Kondo model without
the spin-spin coupling, Js = 0. As the RG flow diminishes the difference between
the orbital-orbital, Jl, and the quadrupole-quadrupole, Jq, couplings, the model
becomes equivalent to the one where the orbital degrees of freedom are those of
SU(3) fermions in the fundamental representation. The impurity thus has two SU(3)
fermions that are coupled to two channels (spin up and spin down) of SU(3) fermions
in the bath. The observed fixed point is thus that of the two-channel overscreened
SU(3) Kondo problem. This interpretation is convenient, as it allows us to exploit
results of Ref. [81] and corresponds to Q = 2, N = 3, K = 2 in the notation of that
reference, which in turn corresponds to the residual entropy
S3 = log(3) +
1
2
log
(
3 +
√
5
2
)
≈ 1.58. (3.27)
The result agrees with our numerical result stated earlier. We also observe a feature
in the entropy at numerical value S ≈ 1, however investigation of its origin is left
for future investigations.
In Fig. 3.8 we present the entropy and the effective spin and orbital susceptibil-
ities of the four Kondo models:
HK = JsS · s+ JqQ · q, (3.28)
HK = JpNf + JlL · l, (3.29)
HK = JsS · s+ JlL · l, (3.30)
HK = JlL · l. (3.31)
For easier comparison, we also plot entropy of the GKKM (black curve) and the
scaled Kondo model (red curve). The four models have different symmetry and
residual entropies.
Entropy of the Kondo model in Eq. (3.28) is similar to the entropy of the scaled
Kondo model: we observe a plateau at temperatures between the two Kondo tem-
peratures and a feature at S ≈ 1 when the screening of the spin begins. Both Kondo
temperatures are finite and both spin and orbital moment are perfectly screened.
Ground state of the Kondo model
HK = JpNf + JlL · l+ JqQ · q. (3.32)
has residual entropy S3, which is the entropy of the partially coherent regime. The
Kondo model from Eq. (3.34) and the Kondo model HK = JqQ · q, have the same
residual entropy S3, since the RG flow (see Eq. (3.22), (3.23)) restores the quadrupole
coupling in the former and the orbital couplings in the latter model. This is a mini-
mal model which described the low-energy physics of Hund’s metals at temperatures
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Figure 3.8: Entropy and effective susceptibilities of Kondo models with different
non-zero couplings—the non-zero couplings are stated in the legend.
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Table 3.3: Residual entropy plateaus in the three-orbital Kondo model.
ID Sres
S1 log(9)
S2 log(3) + log
(
3+
√
5
2
)
, log
(
1
sin(π/8)
)
S3 log(3) +
1
2
log
(
3+
√
5
2
)
S4 log(3)
2
S5
1
2
log
(
3+
√
5
2
)
between the two Kondo temperatures; the spin is free, the orbital moment is over-
screened and the state is a NFL.
Further investigation reveals other fixed points. In Table 3.3 we collect the
residual entropies of these states. Kondo model with free spin and orbital moment
has residual entropy S1. Kondo model with only spin (S = 1) or orbital (L = 1)
degrees of freedom has residual entropy S4. Model with free spin and coupled orbital
moment has residual entropy S2 and if we break the particle-hole symmetry, we get
to a state with the residual entropy S3. Spin-1/2 three channel Kondo model has
residual entropy S5. All the fixed points are, except for the one with residual entropy
S3, unstable to weak perturbations, which break the spin, orbital or particle-hole
symmetry. In Fig. 3.8 we present entropy and effective susceptibilities for the Kondo
models, which are the representatives of the different fixed points. Only couplings
presented in the legend are non-zero.
Kondo model with residual entropy S2 is the one with only orbital coupling
HK = JlL · l. (3.33)
This model has higher symmetry as the previous model, due to the absence of
the particle-hole symmetry breaking terms, i.e., Jp, Jq. The free spin contributes
log(3) to the entropy. The second contribution comes from the partially screened
orbital moment and from the particle-hole symmetric charge sector. Contribution of
the partially screened orbital moment is that of an effective spin-1/2 three channel
model: S5 = log
(
(3 +
√
5)/2
)
/2. Furthermore, states with two and four electrons
form an effective hyperspin 1/2 due to the particle-hole symmetry and have the
same contribution S5 to the entropy. [72]
Next, we add the spin-spin coupling
HK = JsS · s+ JlL · l. (3.34)
The entropy and susceptibilities are presented in Fig. 3.8. Both the spin and orbital
moment are screened, however due to the particle-hole symmetry ground state is a
NFL with residual entropy S5. The ground
|Nf , S, L⟩ = {|2, 0, 0⟩, |4, 0, 0⟩} . (3.35)
state is degenerate. The residual entropy is that of spin-1/2 or spin-1 three-channel
model, since the particle-hole symmetric states form an effective hyperspin-1/2.
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Figure 3.9: Impurity spectral functions of the generalized Kondo Kanamori model
with different Kondo couplings. a) Effect of the mixed couplings. b) Kondo models
with different symmetries. c) Rescaled energy scale by 1/T SK
The Kondo model has several NFL fixed points, of which the one with the residual
entropy S3 is related to the partially coherent state in the GKKM and is relevant for
Hund’s metals. In the following section we present how the Kondo couplings affect
the impurity spectral functions.
3.4.1 NFL Signatures In Spectral Functions
We compare the low-energy spectral properties of the Kanamori and the Kondo
model. Fig. 3.9 (a) we present T matrices of the GKKM at zero temperature. The
spectra is characteristic for Hund’s metals: an asymmetric peak with a satellite
at the orbital Kondo temperature. As we diminish the mixed Kondo couplings,
Jls,qs, the coherence scales are strongly suppressed, while the shape of the quasi-
particle (QP) peak remains the same. To support this finding, in plot (c) we present
the rescaled spectral functions, where we divide the energy scale by the spin Kondo
temperature T SK . As we increase the temperature above the spin Kondo temperature,
the quasi-particle peak melts and the spectra becomes similar to the spectra of the
Kondo model without the spin coupling. The mixed couplings have the major role
in determining the physical properties of the model.
In Fig. 3.9 b) we present how the quadrupole coupling and potential scattering
affect the spectra. The mixed Kondo couplings, Jls,qs, are set to zero. As we diminish
the quadrupole coupling the orbital coherence scale becomes smaller, hence the peak
becomes more narrow. When both the potential scattering and the quadrupole
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coupling are zero, the model becomes particle-hole symmetric and the QP peak is
symmetric.
3.5 Conclusion
We investigated the low-energy properties of the Kanamori model using the RG and
NRG methods. We derived the appropriate Kondo model that is described in terms
of spin, orbital, and quadrupole degrees of freedom. At low energies the splitting
between the orbital and quadrupole coupling constants becomes insignificant, there-
fore similar behavior as for a Hamiltonian with a larger SU(3) [67] symmetry can
be expected. The NRG results confirm these poor-man’s scaling findings. In par-
ticular, both models have the same strong-coupling Fermi-liquid stable fixed point
at low energies and similarly approach this fixed point (in the physically relevant
parameter range). We calculated the dependence of the spin and orbital Kondo tem-
peratures on interaction parameters, hybridization, and impurity occupancy. The
orbital Kondo temperature is larger, thus orbital moments are quenched first as
the temperature is lowered. This behavior starts to occur as soon as the Hund’s
rule coupling is increased above the Kondo temperature of the problem without the
Hund’s rule coupling. The screening of the spin-moments occurs at a temperature
that is about an order of magnitude smaller 3. The ratio of the orbital Kondo tem-
perature to the spin Kondo temperature becomes particularly large as the impurity
occupancy is increased towards half-filling. Our results demonstrate that the NRG
is capable of treating problems with realistic three-orbital interactions. This method
could hence be used in the DMFT calculations, too.
By investigating the Kondo model we find several non-Fermi liquid fixed points.
We demonstrate that the state between the two Kondo temperatures, relevant for
Hund’s metals, is indeed a NFL. Investigation of the impurity spectral functions
reveals that the minimal model to describe low-energy properties of Hunds metals
in the spin-freezing regime is the one with free spin, coupled orbital moments and
broken particle-hole symmetry. To find out, how relevant these findings are for bulk
materials, a more detailed investigation within DMFT is required, which is left for
future investigations.
3The precise value depends on the parameters. The dominant exponential dependence on the
Coulomb interaction parameters is, however, the same for the spin and orbital Kondo temperature.
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Spin-Orbit coupling
The strength of the SOC increases with atomic number, with typical values of 50meV
for 3d oxides, 0.1-0.2eV for 4d oxides, and about 0.4eV for 5d oxides. Recently the
strong effects of the SOC have been carefully investigated in 5d oxides, in particular
irridates with 5 electrons occupying the d-shell, where the energy of the j = 3/2
states is lowered leading to a half-filled j = 1/2 band and the associated occurence
of the Mott transition [16, 19, 20].
Situation in 4d oxides with an intermediate strength of the SOC, notably ruthen-
ates, is more nuanced. On one hand, in band-structure calculations [82, 83] and in
spin-sensitive photoemission [84] the effects of the SOC have been clearly observed.
On the other hand, within the dynamical-mean field theory (DMFT) approach the
ruthenates have been widely and succesfully [6, 11, 68, 85, 86, 87] discussed as Hund’s
metals (compounds in which the coherence scale is suppressed by the Hund’s inter-
action JH) without taking the effects of λ into account at all. In ruthenates, the
SOC is 0.1-0.2eV, which is similar to JH that is about 0.3-0.4eV. This prompts the
question to what scale T0 must one compare the strength of the spin-orbit coupling
to determine whether its effects are important. Furthermore, for four electrons in
the t2g shell strong enough SOC leads to a non-magnetic J = 0 van-Vleck insulator
regime [21, 88, 89, 90, 91], but the threshold SOC strength remains to be quantified.
Finally, there are also important open qualitative questions. A very recent model
DMFT work found that the SOC substantially modifies the behavior and leads to
an interesting non-Fermi-liquid behavior dubbed the J-freezing [23]. In the absence
of SOC, Hund’s metals are Fermi liquids which follows from the physics of the un-
derlying impurity model [6]. The three-orbital impurity model with SOC has not
been explored so far and the nature of its low-energy fixed points is unknown.
In the present chapter we investigate these questions within a three-orbital
Kanamori impurity model with spin-orbit coupling at occupancies Nd = 2 and
4, relevant to Hund’s metals. To solve the model, we have implemented a numeri-
cal renormalization group (NRG) code exploiting the conservation of total angular
momentum J to keep the computational cost manageable. The ground-state of the
impurity problem is found to always be a Fermi liquid, but characterizing it in terms
of the quasiparticle phase-shifts one can distinguish three regimes: a Hund’s metal
for |λ| < λc, a non-magnetic van-Vleck regime for λ > λc, and a j = 3/2 metal for
λ < −λc. We find that the crossover scale λc is given not by a bare parameter, but
rather by an emergent scale: the orbital Kondo temperature. We also calculated
the impurity spectral function which is found to exhibit characteristically different
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shapes in the three regimes. This not only has implications for the physics of oxides
described within the DMFT but could also be directly observed in the tunneling
spectra of Hund’s impurities adsorbed on metal surfaces [28, 92, 93].
4.1 Model
We investigate a three-orbital impurity model with the Kanamori and SOC interac-
tion. The spin-orbit interaction can be expressed in the spherical orbital basis [94]:
Hls = H
z
ls +H
xy
ls , (4.1)
Hzls =
λ
2
l∑
m=−l
m(d†m↑dm↑ − d†m↓dm↓), (4.2)
Hxyls =
λ
2
l−1∑
m=−l
√
(l −m)(l +m+ 1)(d†m+1↓dm↑ + d†m↑dm+1↓). (4.3)
Operators d(†)mσ annihilate (create) electrons at the impurity in orbital m and with
spin σ. The interaction has full rotational SO(3) symmetry.
In literature the Russel-Saunders, LS, and the j − j coupling schemes are fre-
quently used in weak and strong SOC limits, respectively. In the Russel-Saunders
coupling scheme the individual impurity electrons form a state with definite spin,
S, and orbital angular moment, L. The SOC then splits the LS multiplets and
the ground state has a total angular moment J = L + S or J = |L − S|. Within
the j − j scheme the SOC couples the spin and orbital moment of each electron at
the impurity, forming single-particle states with definite jm = lm + sm. Many-body
states are formed of j states according to Hund’s rules. In realistic systems neither
of the two approximations provides a completely correct description, hence the exact
interaction from Eq. (4.1) has to be considered.
The SOC couples the spin and orbital degrees of freedom according to the third
Hund’s rule: angular moment has either maximal J = L+S or minimal J = |L−S|
value. Which of the two states will be favoured depends on occupancy and crystal
field. The SOC is anti-symmetric under particle-hole transformation:
d†α = (−1)mα−jαhα. (4.4)
d
(†)
α , h
(†)
α are particle, hole annihilation (creation) operators, α = (S, L, J,m = Jz)
denotes the quantum numbers and mα is the z component of the total angular
momentum. This choice of phase leaves the transformation canonical since the anti-
commutation relations are unaltered. [71] Impurity occupied by two electrons and
the SOC λ is equivalent to impurity occupied by four electrons (or two holes) and
with SOC −λ.
In transition-metal oxides with t2g valence orbitals, the traditional 3rd Hund’s
rule is inverted due to the T-P correspondence. It has to do with the fact that the
matrix elements of l = 2 within the t2g subspace are the same as these of the l = 1
operators (within the p subspace) but with inverted sign [95]. Hence the expectation
value of L2 for the t2g states is L(L+1) with L = 1, and not L = 2, as in d–states.
To simplify the notation we introduce new parameter η and a modified SOC: λ̃ = ηλ.
λ̃ > 0 that favors small values of J2 is relevant to the physics of more than half-filled
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Table 4.1: Sign of η for less/more than half-filled p, t2g orbitals.
η < 0 η > 0
Ang. Moment J = L+ S J = |L− S|
Orbitals p4, d2 p2, d4
Compounds Molybdates Ruthenates
t2g shell of d4 oxides, such as ruthenates, whereas λ̃ < 0 that favors large values of
J2 is relevant to the less than half-filled d2 oxides, such as molybdates.
The Kanmori interaction with SOC reads:
Himp =
1
2
(U − 3JH)Nd(Nd − 1)− 2JHS2 −
JH
2
L2 + ϵNd +Hls. (4.5)
U, JH are the on-site Hubbard repulsion and Hund’s coupling, respectively. Nd =∑
m nm,S =
∑
m sm,L =
∑
m lm are impurity total charge, spin and orbital mo-
mentum operators, and nm, sm, lm are the occupancy, spin, and orbital moment in
orbital m. ϵ sets the occupancy of the impurity. We take the impurity to be coupled
to a flat conduction band with the density of states ρ = 1/2D = 1/2, D = 1 being
the half band-width.
4.2 Results
We solve the impurity problem using numerical renormalization group (NRG) solver. [34,
35] We take into account the conservation of charge and total angular momentum to
reduce the computational cost. The impact of the exponential growth of the Hilbert
space depends on the NRG discretization parameter Λ. In our calculations we used
Λ = 10. The effect of quite large Λ was reduced by using twist averaging over
Nz = 8 interleaved discretization grids [96, 97, 98]. In the diagonalization all the
states with E < Ekeep = 10 are kept. We additionally limit the total number of kept
states to 6000 (due to memory constraints), a restriction that is more stringent than
the former one only in the first few iterations. To calculate the spectral functions
we use the complete Fock space approach [99].
We first discuss the influence of the spin-orbit coupling on the thermodynamic
expectation values. In Fig. 4.1(b) we display the temperature evolution of the effec-
tive local moment evaluated as χJT , where χJ is the impurity contribution to the
total angular moment susceptibility. Panel (c) shows the impurity contribution to
entropy and panel (d) shows the total angular momentum at the impurity site ⟨J2⟩.
Throughout the text the parameters are U = 3.2, JH = 0.4, and Γ = πρ0V 2 = 0.05.
Consider the λ = 0 case first. With decreasing temperature T , after the charge
fluctuations are frozen out (above temperatures shown) the model enters into the
local-moment regime with a 9-fold degenerate L = 1, S = 1 multiplet characterized
by a plateau in the entropy at a value of log(9) and with χJT ≈ ⟨J2⟩/3 where
⟨J2⟩ = ⟨L2⟩ + ⟨S2⟩ = 4. (This result follows also in the J basis, ⟨J2⟩ = (6 · 5 +
2 · 3 + 0 · 1)/15 = 4.) On further lowering the temperature, the local moment is
progressively screened and becomes small below a low (Kondo) temperature.
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Figure 4.1: (a) Effective spin and orbit moment for λ = 0. (b) Effective local
moment. (c) Impurity entropy. (d) Expectation value ⟨J2⟩. Solid (dashed) lines
denote results for λ < 0 (λ > 0).
The Fig. 4.1(a) separately displays for the λ = 0 case the local spin moment
χST and the orbital angular moment χLT evaluated respectively from spin and
orbital susceptibilities. As discussed in earlier work[13, 41, 67] the screening of
the spin moment occurs at a lower temperature T SK than the one for the orbital
moment T LK (the two Kondo temperatures are indicated by the two vertical lines and
differ by about an order of magnitude). The initial drop of χJT and the associated
suppression of the impurity contribution to entropy, seen in Fig. 4.1(c), thus comes
mainly from the quenching of the orbital degrees of freedom.
Turning on the spin-orbit interaction has a strong effect with markedly different
behavior in the cases of the positive (dashed lines) and negative (plain lines) values
of λ. For λ < 0, the SOC tends to align the spin and the orbital moment to a state
of a large total angular moment J = L + S. The expectation value of J2 tends to
6 = 2(2 + 1), and χJT approaches 2 in the high-temperature local-moment regime
when the temperature is lowered to T < |λ|. On cooling down further, the local
moment is screened; the corresponding Kondo temperature is found to diminish as
|λ| increases. In the temperature window TK < T < |λ|, the impurity contribution
to entropy shows a clear plateau at log 5 revealing the degeneracy of the J = 2
local moment. For intermediate strengths of |λ| one sees first a plateau at the log 9
S = L = 1 manifold and then a crossover to the log 5 value when the temperature
drops to a value T < |λ|.
For λ > 0, the SOC tends to anti-align the spin and the orbital moments which
leads to a non-degenerate J = 0 atomic ground state. This is a peculiar “no-
impurity” regime of an impurity problem: there are no internal degrees of freedom
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at the impurity and the conduction electrons experience only potential scattering.
It turns out that this atomic consideration describes the numerical results well,
provided that λ is significantly larger than the Kondo temperature itself.
We find that the potential scattering process does depend on the local moments
L, S, and not only on impurity occupancy, as one would expect from the single-
orbital model1:
HK(J = 0) = JpNd
∑
kk′mσ
c†k′mσckmσ + J0T
∑
kk′mm′σσ′
c†k′m′σ′tmm′σσ′ckmσ, (4.6)
T = − 1√
3
[
Lz ⊗ Sz +
1
2
(L+ ⊗ S− + L− ⊗ S+)
]
(4.7)
Both operators transform as scalars. The additional potential scattering term ap-
pears due to non-zero orbital moment and spin, L = S = 1, even though the ground
state has J = 0.
We now turn to ⟨J2⟩ shown in Fig. 4.1(d). For large λ > 0, as soon as tem-
perature drops below λ, ⟨J2⟩ rapidly approaches a very small value. At the same
temperature, the entropy and χT also drop rapidly to 0, as seen in panels (l) and
(c). Notice the distinct behavior of ⟨J2⟩ and χJT for positive and negative λ. In
the latter case, one has a large atomic moment that is screened by the quantum
fluctuations on cooling below the Kondo temperature whereas in the former case
the atomic moment is not present to start with. Or, thinking in terms of the tem-
perature dependence, for λ > 0 the suppression of χJT and ⟨J2⟩ occurs at the same
scale T ≈ λ: the process is atomic and does not involve the conduction electrons.
The evolution of key quantities as a function of λ, shown in Fig. 4.2, serves
to delineate the different regimes. In Fig. 4.2(a) we present TK defined as the
temperature at which χJT drops below 0.07. For λ < 0 (left from centre) we observe
a reduction of TK with increasing |λ|. The lowering of the Kondo temperature is due
to the formation of a larger moment combined with the splitting of the multiplets
that leads to a suppression of the Kondo coupling strength. From the Schrieffer-
Wolff transformation one finds that in the limit |λ| ≪ JH , U the Kondo couplings
are proportional to 1/(c0 − λ), c0 > 0. For λ > 0 (right from centre) the opposite
behavior is seen. For large λ, TK ≈ λ2. A very similar dependence on λ is found also
in the zero-temperature total angular momentum susceptibility χJ that is shown in
Fig. 4.2(b) along the expectation value ⟨J2⟩. The evolution of TK as a function of
the SOC λ is indicative of the one found for the inverse of mass enhancement Z,
TK ∼ Z = (1 − ∂Re[Σ(ω)]/∂ω)−1|ω→0 (in our results Z and TK are monotonously
related with a bit weaker dependence of Z on λ).
For any value of λ and irrespective of its sign, the local moment is completely
screened yielding a regular Fermi liquid behavior at low temperatures. Hence, one
can map the low-energy excitation spectrum to that of a non-interacting resonant-
level model and parametrize it in terms of the quasiparticle scattering phase shifts
δ. In Fig. 4.2(c) we present the phase shifts corresponding to the j = 1/2, j = 3/2
excitations as a function of λ. They are associated through the Friedel sum-rule to
the occupancies of the corresponding resonant levels
δj = πnj/(2j + 1). (4.8)
1Kondo model in presence of SOC is derived in Appendix B.8
2One needs to be careful in interpreting TK as a Kondo temperature in this regime as the
quenching of the moment is not due to conduction electrons but is rather atomic.
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Figure 4.2: (a) Kondo temperature. (b) Zero-temperature total-angular-
momentum susceptibility χJ (full line) and expectation value ⟨J2⟩ (dashed line).
(c) Quasiparticle phase shifts.
The regime of large negative λ corresponds to a half-filled 4-fold degenerate j = 3/2
resonant level and empty j = 1/2 state. Conversely, at large positive λ the j = 3/2
states are emptied out and one is left with the completely occupied j = 1/2 states.
The SOC needs to be increased in absolute value above some critical value λc
in order to have any observable effect. This value, ≈ 10−5 for parameters used
in this work, does not correspond to any of the bare scales of the problem but is
associated to a low temperature emergent scale, the Kondo temperature. The qual-
itative explanation of this surprising finding is as follows: Considering the problem
from the perspective of the renormalization group and progressively lowering the
temperature, it is clear that if the moments are screened on a scale higher than λ,
the SOC has nothing to act on [80]. In the case of the Hund’s metal, where the
orbital moments are screened first, one can be more precise: λc is determined by the
onset of screening of the total angular momentum, which corresponds to the orbital
Kondo temperature, which is the higher of the two Kondo screening scales. Thus
λc ≈ T orbK . This is most easily seen by inspecting the phase shifts that evolve by a
half of the change to the final value at λ = T orbK .
We now turn to the impurity spectral functions shown in Fig. 4.3. For λ =
0, the j = 1/2 and j = 3/2 excitations are degenerate, hence the corresponding
spectral functions remain almost the same as long as |λ| < λc. One can resolve a
lower Hubbard band, a broad upper Hubbard band (that contains excitations to
different multiplets of half-filled impurity), and a Kondo resonance. The latter has
a characteristic asymmetric shape that is a fingerprint of the Hund’s metal[69] (see
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Figure 4.3: Impurity spectral functions in the presence of the spin-orbit coupling
for j = 1/2 (full lines) and j = 3/2 (dashed) excitations. The inset are close-ups on
the low-energy region.
also [100]).
When the magnitude of the spin-orbit coupling is increased, the degeneracy
between the j = 1/2 and the j = 3/2 states is lost. In λ < 0 regime the j = 1/2
states are pushed to positive energies (with a low value of the spectral function at
ω = 0, the small hump seen in the inset of Fig. 4.3 (a) in j = 1/2 spectral function
for λ = 10−3 is a discretization artefact); at large |λ| this leads to a half-filled j = 3/2
level with nearly symmetric lower and upper Hubbard bands. The suppression of
the Kondo temperature during the crossover to J = 2 regime is reflected in the
narrowing of the Kondo resonance.
Quite different physics occurs for λ > 0. The j = 1/2 spectral weight is pushed
to negative energies and the j = 3/2 spectral weight to positive energies. The Kondo
resonance is split by the SOC, see the inset, with the splitting being of order λ. The
spectral weight at ω = 0 is small, an indication of the insulating-like behavior. This
regime hence corresponds to that of a “non-magnetic van-Vleck insulator”.
It is important to note that in the context of real materials, the orbital Kondo
temperature can be substantially higher than the low-temperature Fermi liquid co-
herence scale. In ruthenates, the orbital moments are screened at 1000K (0.1eV) [80]
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which is similar to the estimated values of the spin-orbit coupling (0.2eV). This in-
dicates that the ruthenates are within the Hund’s metal regime and explains why
calculations neglecting the SOC obtain reasonable results.
Our results suggest that the spin-orbit interaction could diminish the coherence
scale in d2 systems. Molybdates have such occupancy but are characterized by a
coherent behavior with high Kondo temperature [100] because they are far from
van-Hove singularity and hence are not appreciably affected by the SOC. Perhaps
chromates [101] realize a J = 2 metal (in spite of the smaller SOC) due to the strong
correlations and hence small orbital Kondo temperature.
4.3 Conclusion
In summary, we investigated the effects of the SOC in a three-orbital impurity
occupied by two electrons/holes that we have solved with the NRG. In d2 systems
the SOC leads to a crossover from a Hund’s impurity with a distinct behavior of spin
and orbital moments to a J = 2 impurity with a suppressed Kondo temperature.
In d4 systems the crossover is to the non-magnetic regime with no local moment
(J = 0) instead. The spectral functions in different regimes are characteristically
different. The SOC becomes effective once it exceeds the emergent low-energy scale,
the orbital Kondo temperature. Besides implication it has for oxides [102], this
finding could be tested in an STM experiment where one would control the Kondo
temperature and observe the change in the shape of the spectral function as the
orbital Kondo temperature falls below the SOC strength.
54
Part II
Bulk
55

Chapter 5
DMFT investigation of the
three-orbital Kanamori model on
Bethe lattice
In recent years it has been realized that Hund’s rule coupling can lead to strong
correlations in transition metal-oxides, far from the interaction driven Mott metal-
insulator transition caused by the Hubbard repulsion. The Hund’s metals are char-
acterized by suppressed coherence scale and a two-stage screening process, where
the spin is screened at lower temperatures than the orbital degrees of freedom. The
separation between the two temperatures can be up to two or three orders of mag-
nitude, and for many compounds, the ambient temperature lies between the two
screening temperatures. [6, 9, 10, 11, 67] It was found that the region between the
two coherence scales exhibits a spin-freezing behavior with non-Fermi liquid prop-
erties. [9]
In earlier chapters we observed that many properties of Hund’s metals already
occur in the three-orbital impurity model with the Kanamori interaction. This
chapter is devoted to a three-orbital bulk model. Namely, we investigate correlation
effects on spectral and transport properties of the bulk three-orbital Kanamori model
on Bethe lattice, that we solve within DMFT.
In the first part, we present zero– and finite–temperature spectral functions and
show that the metal-insulator transition occurs at U ≈ 6, for parameters JH = U/6
and Nd = 2. We also investigate the formation of an incoherent side-peak and reveal
a close connection between its position and the orbital Kondo temperature.
In the second part, we present transport properties of the model, i.e., we cal-
culate temperature dependence of resistivity and Seebeck coefficient. We find that
the resistivity of the model has two linear-in-T regimes and that it violates the
Mott-Ioffe-Regel limit without any signs of saturation. The thermopower reaches a
maxima at the orbital coherence scale, which supports the findings of the Ref. [80];
the position of the maxima is related to the unquenching of the orbital moment and
hence a increase of entropy.
5.1 Calculation
We use the NRG Ljubljana impurity solver [98] developed and maintained by Rok
Žitko. The solver gives highly accurate and reliable results on the real axis at all tem-
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on Bethe lattice
peratures. NRG solvers are most suitable for small problems or problems with high
symmetry. To keep the computations manageable we truncate the states after each
NRG step, using NRG discretization parameter Λ = 2.4, 3, 4. To truncate states,
we use an adaptive technique, where we keep only states with energies: E ≤ Ekeep.
Typical value is Ekeep = 10D. Note that we never truncate between degenerate or
nearly degenerate states. We additionally limit the maximum number of states kept
by Nkeep ≈ 4000 − 8000, depending on the problem at hand; Nkeep = 4000 requires
≈ 40 GB of memory. In the first few iterations, the number of held states are limited
by the latter criterion; typical values of largest eigenstates kept are E ≤ 8 − 12D.
To reduce finite-size effects and the broadening artifacts due to large Λ, in all our
calculations we use the self-energy trick and Nz = 8, 16 different interleaved meshes.
To learn how different NRG parameters affect the results, see Ref. [37].
5.2 Spectral properties
The results are for the Kanamori model on the Bethe lattice for several values of
Hubbard repulsion U . Hund’s coupling is set to JH = U/6, and we consider fixed
occupancy Nd = 2. In the inset of Fig. 5.1 we present the quasi-particle spectral
weight:
Z =
1
1− ∂ReΣ(ω)
∂ω
|ω=0
. (5.1)
We see, that the Mott metal-insulator transition occurs at U ≈ 6 and that correla-
tions are significant, Z = 0.4, already at low values of the Hubbard U , even though
the Hund’s coupling reduces the effective on-site repulsion given by (U − 3JH)/2 =
U/4. [103] In Fig. 5.1 (a) and (b) we present zero-temperature spectral functions
A(ω) = −Im
∑
k
Gk(ω). (5.2)
The spectral functions are qualitatively similar to those of the impurity model. At
U = 2 we observe a broad peak with two satellites, which with increasing U evolve
into a lower and an upper Hubbard band. The lower Hubbard band is featureless
as interactions do not split the Nd = 1 atomic multiplet. The spectral weight is
transferred gradually, and a peak appears at ω ≈ −1.75. Note how A(ω/D = −1),
remains constant in the metallic phase. In the upper Hubbard band, we observe
a structure (two peaks) which come from the splitting of the atomic multiplets at
Nd = 3. Multiplet splitting becomes significant with increasing U . An estimation
based on atomic multiplet splittings shows that the first peak appears at ω ≈ U/4
while the other at ω ≈ 3/4U . After the phase transition, the lower Hubbard band
becomes narrower, while the upper band is pushed to higher energies and becomes
broader.
The quasi-particle peak (QP) is asymmetric due to the particle-hole symmetry
breaking terms, as we concluded from the investigation of the Kondo model in
Ch. 3.4. At U = 2 the QP peak is broad with a slight feature at negative frequencies,
which evolves into a side-peak, position of which scales along with the orbital Kondo
temperature, as presented in Fig. 5.1 (c) and (d). The shape of the QP peak is
similar to the one of the Kondo model in NFL region. However, a more detailed
investigation is required to characterize the state, which is left for future work. In (c)
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Figure 5.1: (a) and (b) DMFT spectral functions of the three-orbital Kanamori
model on Bethe lattice at different values of U , Hund’s coupling JH = U/6 and fixed
occupancy Nd = 2. Inset in (a) shows the quasi-particle weight Z. (c) Imaginary
part of self-energy and vertical lines, which denote position of the orbital Kondo tem-
perature. (d) Spin and orbital Kondo temperatures and position of the incoherent
side-peak for JH = U/4.
we present imaginary part of the self-energy, where vertical lines denote the orbital
Kondo temperature and in plot (d), we show the position of the side-peak and the
two Kondo temperatures for U/JH = 4. The spin and orbital Kondo temperatures
were calculated from the effective spin and orbital susceptibilities, respectively: after
DMFT self-consistency is achieved we solve the problem of impurity coupled to the
self-consistently determined bath, and obtain the effective susceptibilities from that
calculation.
Note that also in bulk the orbital and spin Kondo screening occurs at different
temperatures, which is one of the characteristics of Hund’s metals – both degrees of
freedom are perfectly screened. Most properties of the impurity model also appear
after the self-consistent solution.
From ImΣ we can identify three distinct regimes: Fermi liquid state below the
spin Kondo temperature, an incoherent regime with finite spin and quenched orbital
momentum at energies between the two Kondo temperatures and an incoherent
regime above the orbital Kondo temperatures.
In Fig. 5.2 (a) we present spectral functions at finite temperatures and in (b)
the imaginary part of the self-energy. At temperatures below T SK , the temperature
has no significant effect on the spectra. In the region T ∈ [T SK , TLK ] we observe
a melting of the peak and the incoherent side-peak starts disappearing above the
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Figure 5.2: Temperature dependence of spectral function and self-energy of the
Kanamori model, U = 3.2, Nd = 2.
orbital Kondo temperature. The Hubbard bands remain unchanged even at T = 2.
Strong asymmetry of the QP peak has significant effects on thermopower, as we
show in the following section.
5.3 Transport
Transport properties are used to characterize solids and are one of the most eas-
ily measured physical quantities. Understanding the electronic transport, on the
other hand, is challenging as the scattering mechanisms in different compounds,
and even in different temperature regimes within the same compound, vary sig-
nificantly. Drude and Boltzmann transport theories well describe the transport of
uncorrelated metals. These theories, however, fail to describe transport in corre-
lated metals such as bad metallic behavior. Namely, a feature common to many
correlated metals such as cuprates, pnictides, ruthenates, heavy-fermions, fullerenes
and organics, is a violation of the Mott-Ioffe-Regel limit, where resistivity exceeds
ρMIR. [104, 105] ρMIR in the Boltzmann transport theory corresponds to the con-
dition that the mean-free path of electrons/quasi-particles is equal to the lattice
spacing or de Broglie wavelength.
Transport theory of strongly correlated systems is under active development, and
even in DMFT reliable calculations for the single-orbital Hubbard model appeared
only recently. [106, 107] Multi-orbital models received much less attention due to
the complexity and high computational requirements. In this section, we present
resistivity and thermopower of the Kanamori model at Nd = 2 and JH = U/6 on
the Bethe lattice calculated within DMFT. In Appendix E we present the details of
the transport calculation.
Within the linear response theory, the particle and heat current densities, j, jQ,
read
j = −σ∇µ− α∇T, (5.3)
jQ = −αT∇µ− κ∇T. (5.4)
σ, α, κ are electrical conductivity, Seebeck coefficient and thermal conductivity, re-
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Figure 5.3: (a), (b) Resistivity and Seebeck coefficient of the Kanamori model on
the Bethe lattice. (c) spectral functions at different temperatures. Parameters are
U = 3.2, JH = U/6, Nd = 2.
spectively. The electrical resistivity
ρ = σ−1 =
E
I
(5.5)
I being the electric current, is measured under the condition of vanishing thermal
gradient, whereas the thermopower:
α = −∇V∇T (5.6)
is measured under the condition that no electrical current flows.
In Fig. 5.3 (a), (b), we present the resistivity and Seebeck coefficient, and
in (c) the spectral functions at temperatures above the spin Kondo temperature,
T SK/D = 4 · 10−3. From the finite-size spectra, we can confirm that below the T SK
the model enters into a Fermi liquid (FL) regime. We can obtain reliable transport
results only above T/D = 5 ·10−3, due to numerical artefacts that appear below this
temperature. In the FL regime the resistivity is a quadratic function of tempera-
ture, and the Seebeck coefficient is linear (as follows from the Mott formula). Upon
increasing the temperature, the resistivity monotononically increases, but the curva-
ture becomes smaller. No abrupt change in resistivity is seen on crossing the orbital
Kondo temperature, TLK/D = 0.1. When the resistivity exceeds the ρMIR, which
happens at TMIR/D = 0.4 the curvature vanishes and one enters a linear regime.
The data up to T/D = 2 looks quite different from the behavior in the single orbital
calculation [108], where a pronounced shoulder is seen close to the crossing of ρMIR.
A more pronounced negative curvature is in the present results only encountered
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upon further increase of the temperature at T/D ≈ 5. One should add, that numer-
ically this regime becomes challenging again due to the potential important role of
the broadening artefacts so this merits further more careful investigation in future.
We now turn to the Seebeck coefficient. The Seebeck coefficient is expected to
start linearly at low temperatures as expected of the FL as follows from the Mott
formula. Upon increasing the temperature the Seebeck coefficient remains linear in
T for a while, but on approaching TLK it encounters a maximum, displays a local
minimum close to TMIR and increases again. Curiously, the first local maximum
has a value that is close to the one discussed in ruthenates to be related to a state
which has fluctutating spins and free orbitals in terms of the Heikes expression. In
the high temperature regime we also plot µ/T along the Seebeck coefficient and find
Seebeck is described well with entropic considerations there.
It is interesting to follow how the density of states evolves with temperature.
The low temperature results exhibit a sharp QP peak, and the lower and the upper
Hubbard band. Upon heating up, the value of the density of states at small energies
progressively drops and the QP peak becomes progressively less sharp due to the
melting of QP states. Similarly to the earlier results in the single-orbital case,
the melting proceeds progressively and upon crossing the TMIR one can still easily
identify separate occurrence of QP peak and the two bands, a regime which was
dubbed resilient quasiparticle regime. [108] Upon further increasing temperature
QP peak merges with the Hubbard band.
5.4 Conclusion
We calculated spectral and transport properties of the Kanamori model on the Bethe
lattice at U = 3.2, JH = U/6, Nd = 2. We find that the metal-insulator transition
occurs at U = 6 and that correlations are significant already at small values of the
Hubbard U , which is one of the characteristics of the Hund’s metals. Furthermore,
the spectral functions of the correlated system retain all the features we already
observed in the impurity models. We present the formation of an incoherent side-
peak, and demonstrate that it’s position agrees with the orbital coherence scale.
We also present spectral functions at finite temperatures and calculate the Seebeck
coefficient and resistivity of the model. Resistivity exhibits two linear-T regimes and
it violates the Mott-Ioffe-Reggel with no signs of saturation. The Seebeck coefficient
shows linear in T behavior at low temperatures and reaches a maxima at the orbital
Kondo temperature, which supports the findings of Ref. [80].
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Kondo Lattice Model
In previous chapters, we mostly focused on Hubbard models. However, some mate-
rials are better described by the Kondo lattice model (KLM) or by a combination
of the Hubbard and the KLM. In materials like CaCuRuO, the strong correlation
effects can be associated with several atoms within the unit cell. Cu sites host an
S = 1/2 localized spin degrees of freedom while the itinerant electrons experience
strong Coulomb repulsion on the Ru sites. [109, 110, 111] CaCuRuO exhibits heavy-
fermion behavior at low temperatures. Thus a combination of the Hubbard model
and the KLM can be considered as the minimal model for this class of compounds.
Namely, the KLM itself is focusing on correlation effects between f–electrons and
treats the conduction electrons as non-interacting. Measurement results on some
other heavy-fermion compounds, e.g. Nd2−xCexCuO4, deviate from the KLM pre-
dictions. It was found that the conduction c–electrons are strongly correlated due to
the Cu–O planes, hence the KLM is not suitable for description. [112, 113, 114, 115]
To capture the c–electron correlations we introduce a Hubbard repulsion U be-
tween the conduction electrons. We call this model KLM-Hubbard or KLM-U.
The two models combined provide a more realistic description than the individual
model. [116, 117, 118, 119, 120]
In this chapter we present the transport properties of the single-orbital KLM-U
model in the paramagnetic phase from the DMFT perspective, using NRG impurity
solver. [24, 26, 121] We investigate how the transport properties evolve from the
limit of pure Hubbard model [107, 108, 122, 123, 124] and pure KLM [125, 126, 127,
128, 129, 130].
6.1 Model and Methods
We investigate the KLM-U model in the paramagnetic phase, away from integer
filling. The model consists of a lattice of Kondo moments S (formed by f electrons)
which interact with the correlated electrons in bulk, σ. The Hubbard repulsion U
controlls the correlation strength of the conduction electrons:
H =
∑
k,σ
ϵkc
†
kσckσ + U
∑
i
ni,↑ni,↓ + J
∑
i
Si · σi. (6.1)
We consider a dispersion relation ϵk corresponding to the semi-circular density of
states (DOS) with bandwidth 2D,D = 1. Operators c(†)kσ annihilate (create) conduc-
tion electrons with momentum k and spin σ. nciσ is the conduction electron density
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Figure 6.1: Low-temperature resistivity of (a) the pure Hubbard model (J = 0)
and (b)-(d) the pure KLM (U = 0).
operator at a site i and spin σ. We solve the model self-consistently using the NRG
impurity solver. [35]
We present the low-temperature transport properties of the Hubbard and KLM
models and observe how they change in the combined KLM-U model.
6.2 Transport Properties
In Fig. 6.1 we present the resistivity at low temperatures of the Hubbard model and
the KLM at conduction band occupancy n = 0.8. The Hubbard model (a), exhibits
a FL behavior at low temperatures followed by a crossover into a linear-in-T regime.
At higher temperatures another linear-in-T regime with a different slope is found.
In the KLM the Kondo screening has a strong effect on the low temperature
transport properties, which we present in Fig. 6.1 (b)-(d). Below the Kondo tem-
perature the KLM exhibits a Fermi-liquid behavior. Upon approaching the Kondo
temperature the resistivity sharply increases until it reaches a maxima. At higher
temperatures the resistivity slightly drops and it starts increasing monotonically.
In Fig. 6.2 we present the resistivity of the KLM-U model. In (a) we begin with
the KLM, and we gradually increase the Hubbard repulsion. With increasing U the
sharp peak in resistivity broadens, it shifts to higher temperatures and evolves into
a crossover.
At low temperatures thus the influence of U is to reduce the resistivity. This
somewhat counterintuitive behavior arises because the increased correlation in con-
duction electrons act as to suppress the density of states and hence lead to increase
of the Kondo temperature of the Kondo lattice problem. At higher temperatures,
the resistivity sharply increases with U , instead, and the temperature dependence
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Figure 6.2: Low temperature resistivity for the KLM-U model. (a) KLM (J = 0.3)
with increasing U . (b) and (c) Hubbard model (U = 4) with increasing J . (d)
High-T resistivity of the Hubbard model U =∞ and KLM J = 1.
becomes that of the Hubbard model. [107] In (b) and (c), we begin with the Hub-
bard model and observe how the resistivity changes with the increasing the Kondo
coupling J . Any finite Kondo coupling J will contribute to the resistivity, as the
high-T resistivity (T ≫ TK) of the KLM vanishes slowly with temperature, as is
demonstrated in (c), where we decrease the Kondo coupling. For small values of
the Kondo coupling, a minimum in resistivity occurs between the KLM coherence
scale and the Hubbard coherence scale. At very high temperatures, the finite J only
slightly increases the resistivity.
In Fig. 6.2 (d) we present the high-temperature resistivity of the Hubbard model
and the KLM. Resistivity of both models is linear and violates the Mott-Ioffe-Regel
limit without any sign of saturation.
6.3 Conclusion
We presented transport properties of the Hubbard model, KLM and KLM-U model.
KLM and KLM-U both have a maximum in resistivity at the coherence scale. At
higher temperatures the resistivity of the KLM drops and then enters into a linear-
in-T regime. The Hubbard model exhibits a shoulder in resistivity, which is absent
in the three-orbital Kanamori model, which we considered in the previous Chapter.
Resistivity of the combined model, KLM-U, is always larger than the resistivity of
the pure model.
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Conclusion
Some multi-orbital metals such as ruthenates and iron-based superconductors ex-
hibit strong electronic correlations far from the Mott transition [6]. The DMFT
work related to the occurrence of electronic correlations to the influence of the
Hund’s rule coupling [70], hence the name Hund’s metal was introduced for these
compounds. [13] The DMFT is based on the self-consistent solution of the quantum
impurity model [131], but the relevant multi-orbital impurity models have not been
investigated in sufficient detail. In this thesis, we investigated the impurity mod-
els and identified their fundamental physics that is relevant for the description of
Hund’s metals within DMFT.
Specifically, we considered a three-orbital impurity model occupied by two elec-
trons and explored whether a two-stage screening with screening of orbital moments
at a higher temperature than the screening of spin-moments that was derived within
a simplified model with higher SU(3) orbital symmetry persists within a realistic
Kanamori model with SO(3) orbital symmetry. [39] We derived the Kondo model
of the three-orbital Dworin-Narath model, with SU(2) spin and SU(3) orbital sym-
metry, and the three orbital Kanamori model, with SU(2) spin and SO(3) orbital
symmetry. For SU(N) or SO(N) symmetries the Schrieffer-Wolff transformation [79]
can be carried out conveniently using the unit-tensor operators. [132, 133, 134] This
approach simplifies the calculation of the Kondo couplings and scaling equations.
The two Kondo models consist of the same spin, orbital, quadrupole and mixed op-
erators, but have different Kondo couplings: the orbital and quadrupole operators
of the Kanamori Kondo model are split, while the two couplings in the DN model
are the same. Renormalization group (RG) investigation showed that the splitting
vanishes with the RG flow and that the low-energy properties of the two models
are qualitatively the same. Thus, Hund’s metals indeed have a Fermi liquid ground
state with a suppressed onset of complete coherence at T SK where both spin and
orbital moment are screened, an intermediate temperature partially coherent scale
T SK < T < T
L
K , where spins are fluctuating but orbital moments are screened and a
high-temperature fully incoherent local-moment regime with fluctuating spin and or-
bital moments. We confirmed these findings also with the numerical renormalization
group (NRG) [34], which we extended by exploiting the appropriate symmetries.
We also explored the intermediate temperature regime where the spin is fluc-
tuating, but orbital is screened by considering a Kondo model with appropriately
modified parameters to reveal the fundamental physics. We identify a non-Fermi
liquid regime, which we interpret in terms of two-channel over-screened SU(3) fixed
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point that might represent the essence of the Hund’s metals and provide insight into
spin-freezing regime argued to be relevant for this materials. [9]
We investigated the effects of spin-orbit coupling (SOC) in a three orbital Kanamori
model with additional SOC term. Depending on the strength of SOC λ we identi-
fied three regimes: usual Hund’s impurity for |λ| < λc, a van-Vleck non-magnetic
impurity for λ > λc, and a J = 2 impurity for λ < −λc. They all correspond to
a Fermi liquid ground state but with very different quasi-particle phase shifts and
different physical properties. The crossover between these regimes is controlled by
the orbital Kondo temperature and occurs when λc = TLK . This suggests that oxides
with strong electronic correlations and thereby smaller TLK are more prone to the
effects of the spin-orbit coupling. With NRG we calculate the spectral functions for
all three regions, where for λ < −λc the model is a metal, in the intermediate region
the spectral function is unaffected by λ and at λ > λc model becomes an insulator.
In the second part of the thesis, we explored properties of the bulk multi-orbital
problems within the DMFT taking advantage of the developed NRG method as
the impurity solver. We consider the three-orbital bulk Kanamori model on the
Bethe lattice occupied by two electrons per site, as relevant for the Hund’s metals.
The calculated spectral functions have an asymmetric quasi-particle peak with a
side-peak. We show that the position of the side-peak corresponds to the orbital
Kondo temperature and that the feature becomes more pronounced as we approach
the Mott transition. The correlations of the model are significant already at small
values of U , which is characteristic for Hund’s metals. [6] The resistivity of the
three-orbital model has two linear in T regimes and violates the Mott-Ioffe-Regel
limit [104, 105], which is a signature of bad-metallic behavior. We also calculated
the Seebeck coefficient.
We calculate the resistivity of the Kondo lattice model coupled to a bath, where
electrons experience strong Coulomb repulsion. We show that the repulsion increases
the resistivity and demonstrate that the Kondo lattice model exhibits a linear-in-T
high-T resistivity.
In general, all these results reveal the usefulness of the NRG method for the
studies of multi-orbital physics. The NRG can be used as the DMFT impurity solver,
complementing the more widely used quantum Monte-Carlo impurity solver. The
advantage of NRG is that it works directly on real-frequencies and hence circumvents
the ill-posed analytical continuation that is needed in Matsubara formalism based
QMC methods. Another advantage is that low-temperature regimes can be more
easily accessed.
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Appendix A
Atomic limit
In this section, we look at the simplest model possible, an isolated three-orbital
impurity model. We investigate how the multiplet structure changes as we add
the following interactions: the Hubbard U , Hund’s coupling J , and the spin-orbit
interaction λ.
First, we consider the Hubbard repulsion only. Electrons interact via the charge-
charge interaction:
Himp =
U
2
Nd(Nd − 1) + ϵ0Nd. (A.1)
Nd is the charge operator. The charge is the only conserved quantity and is invari-
ant under the U(1) transformation. One can calculate the energy levels by merely
replacing the charge operator Nd by its expectation value. The energy of a state
with N ∈ [0, 2M ] electrons is E(N) = Nϵ0 + N(N − 1)U/2; ϵ0,M denote chemi-
cal potential and number of orbitals, respectively. To set the impurity occupancy
to Nd = n we need to set the chemical potential so that it satisfies the following
relation:
En−1(ϵ0) = En+1(ϵ0) < En(ϵ0), (A.2)
EGSn being the ground state with occupancy Nd = n. Degeneracy of the energy
levels is given by the binomial coefficient
(
2M
N
)
, factor 2 arises from the electron’s
spin degeneracy.
This model is not realistic, as impurities in materials are exposed to atomic
crystal fields, which lead to symmetry breaking, and other interactions such as
Hund’s and spin-orbit interaction. Next we include the Hund’s rule coupling J into
the impurity Hamiltonian:
Himp = −2JS2 − α
J
2
L2 +
U − 3J
2
Nd(Nd − 1) + ϵ0Nd. (A.3)
Effectively the Hund’s coupling reduces the amplitude of the density-density inter-
action and maximizes the spin and orbital moment; via S2,L2 interaction. The
interaction is named after Friedrich Hund, who first observed that electrons occupy-
ing transition-metal atoms form many-body states according to three simple rules,
a.k.a. Hund’s rules:
• Maximize the total spin, S.
• Given S, maximize the total orbital angular moment, L.
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Table A.1: Energy levels of a three-orbital impurity with Kanamori (α =
1)/Dworin-Narath (α = 0) interaction.
Nd S L E
1 1/2 1 ϵ0
2 0 2 2ϵ0 + U − Jα
2 0 0 2ϵ0 + U + 2Jα
2 1 1 2ϵ0 + U − J(4− α)
3 3/2 0 3ϵ0 + 3U − 3J(3− α)
3 1/2 2 3ϵ0 + 3U − 6J
3 1/2 1 3ϵ0 + 3U − 2J(3− α)
• Minimize the total angular moment J = |L − S| if Nd < M , maximize the
total angular moment J = L+ S if Nd ≥M .
In this model the charge, total spin, S, and total angular moment, L, are conserved.
Charge is invariant under U(1), spin under the SU(2), and orbital moment under
SU(3) (SO(3)) transformation.
Energy levels at impurity occupancies Nd ≤M are presented in Table A.1. The
energy levels at Nd > M are equal to those at 2M − Nd due to the particle-hole
symmetry. In contrast to the DN interaction, the Kanamori interaction splits the
degeneracy of states which have the same charge and spin but a different orbital
moment (Hund’s 2nd rule). However, the Kanamori and DN model have the same
ground state at all occupancies. Hence we expect the two models have similar or
even identical physical properties which come from the low energy spectra.
Last, we consider the spin-orbit coupling:
Himp = H
Kanamori
imp + λ̃L · S. (A.4)
captured by the third Hund’s rule. We consider the Russel-Saunders form of the
coupling since expressions for energy are simpler, without loss of generality. Spin and
orbital moment lose their notion as electrons form many-body states with definite
charge Nd and total angular momentum J = L+S. In this work we consider the case
in which the full angular momentum J is invariant under SO(3) transformation. In
Table A.2 we present energy levels of a three-orbital impurity model with Kanamori
and spin-orbit interactions. The Hund’s rules are evident from results; ground states
at different impurity occupancies have a maximal spin and orbital moment, and
maximal or minimal possible total angular momentum.
80
Table A.2: Quantum numbers and eigenenergies of a three-orbital impurity with
Kanamori and Russel-Saunders spin-orbit interactions.
Nd S L J E
1 1/2 1 3/2 ϵ0 + λ/2
1 1/2 1 1/2 ϵ0 − λ
2 0 2 2 2ϵ0 + U − J
2 0 0 0 2ϵ0 + U + 2J
2 1 1 2 2ϵ0 + U − 3J + λ
2 1 1 1 2ϵ0 + U − 3J − λ
2 1 1 0 2ϵ0 + U − 3J − 2λ
3 3/2 0 3/2 3ϵ0 + 3U − 9J
3 1/2 2 3/2 3ϵ0 + 3U − 6J − 3λ/2
3 1/2 2 5/2 3ϵ0 + 3U − 6J + λ
3 1/2 1 3/2 3ϵ0 + 3U − 4J + λ/2
3 1/2 1 1/2 3ϵ0 + 3U − 4J − λ
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Appendix B
Kondo Models
Using Schrieffer-Wolff (SW) transformation [38], we derive Kondo models for a
three-orbital Anderson impurity model with Kanamori and DN interactions, with
and without the spin-orbit coupling. The transformation is valid in the weak hy-
bridization limit V ≪ U , where can treat the hybridization within the second-order
perturbation theory. [67, 134, 135]
B.1 Schrieffer-Wolff transformation
The SW transformation is a one-step renormalization process in which we eliminate
the valence charge fluctuations. A natural basis to work in is the one in which the
atomic part of the AIM Hamiltonian is diagonal, i.e. Hatomic = Hbath +Himp. The
hybridization operator Hhyb couples the two sub-spaces, hence is not diagonal in
the atomic basis. We separate the diagonal atomic and non-diagonal hybridization
terms:
H = Hatomic + λHhyb, (B.1)
λ being an expansion parameter. We’re seeking such action parameter S that after
a unitary transformation:
H ′ = eSHe−S = Hatomic + λV + [S,Hatomic] + λ[S, V ] +O(V
2), (B.2)
the transformed impurity Hamiltonian H ′ is diagonal to the leading order in λ:
V + [S1, Hatomic] = 0. (B.3)
We also expand the action operator S into a power series in λ, S =
∑
i=1 λ
iSi. After
transformation the Hamiltnonian reads
H ′ = Hatomic + λ
2HK +O(λ
3), (B.4)
HK being the Kondo Hamiltonian. The Kondo Hamiltonian is induced by virtual
fluctuations from the ground-state impurity multiplet with n electrons into the high-
energy manifolds with n± 1 electrons:
HK = −PnHhyb
(∑
a
P an+1
∆Ean+1
+
∑
b
P bn−1
∆Ebn−1
)
HhybPn. (B.5)
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Figure B.1: Schematic valence fluctuation.
Projector operators Pn project onto the atomic ground state multiplet with valence
n. Projectors P an±1 project onto the high energy multiplets having energy Ean±1
(indices a, b denote different invariant subspaces with respect to Himp) and the vir-
tual excitation energies are ∆Ean±1 = Ean±1 − En; En is the ground state energy.
The virtual charge-fluctuation process is presented schematically in Fig. B.1. The
excitation energies are determined from the atomic spectra.
Kondo model in this form is not particularly informative. In some cases sym-
metry of the model is such that it can be expressed in terms of bilinear operators,
where first is acting on impurity and second on conduction electron states. Kondo
model in bilinear form gives much more insight into the nature of coupling between
the impurity and conduction band. In the following we derive two Kondo models;
one for the Kanamori and the other with additional spin-orbit coupling.
We adopt the Einstein summation notation and for the sake of clarity we at first
disregard all constants (e.g. Γ2/∆E,Γ = Hhyb). The projection operators transform
as an identical representation under all symmetry transformations of the problem,
hence the multiplet splitting of the excited states affects only the coupling constants:
∑
a
⟨n|Γ P
a
n+1
∆Ean+1
Γ|n⟩ =
∑
a
1
∆Ean+1
⟨n|ΓΓ|n⟩. (B.6)
Note that we applied the projectors to the atomic states: |n⟩ = Pn|ΨLS⟩ is the
ground state with valence n, orbital moment L and spin S. The virtual charge
excitation process conserves the impurity charge, thus Pnd†jd
†
iPn = 0. The non-zero
terms in the Kondo Hamiltonian have the form:
H ′K = PnΓΓPn = Pn(c
†
idid
†
kck + h.c.)Pn (B.7)
We packed all quantum numbers into indices i = plm, k = lm, p is electron mo-
mentum, l,m are z−components of orbital moment and spin, respectively. Our goal
is to rewrite this interaction term into a bilinear operator-operator form such that
the first operator acts only on the impurity states and the second operator acts only
on the bulk states. This can be achieved using the (modified) Fierz identities [136].
First, we insert an identity; two Kronecker delta functions, one for spin, other for
orbital degrees of freedom:
c†idid
†
kck = (c
†
iδi,ldl)(d
†
kδk,jcj). (B.8)
Fierz identities for most symmetry groups can be found in Ref. [132, 133, 134].
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We consider only two Fierz identities:
δi,lδk,j =
1
M
δi,jδk,l +
1
a
(τ b)i,j(τ
b)k,l, SU(M), (B.9)
δi,lδk,j = δi,kδj,l +
2
a
(T b)i,j(T
b)k,l, SO(M). (B.10)
since the models we consider are invariant under SU or SO transformation. Group
generators τ, T live in the defining (fundamental) representation of the SU(M),
SO(M) symmetric Lie group, respectively. Operators obey the Lie algebra commu-
tation relations:
[T a, T b] = ifabcT
c. (B.11)
fabc is a completely antisymmetric tensor. The operators are orthonormal, Tr[TαT β] =
2δαβ. In the SU(2) case τ are the Pauli matrices, in the SU(3) case τ are the Gell-
Mann matrices, and in the SO(3) case τ are spin-1 operators and orbital-quadrupole
operators Q, we’ll introduce shortly.
First, let us consider the simplest case, the single-orbital Kondo model. Then
we derive Kondo models for the Dworin-Narath, Kanamori, and the Kanamori with
spin-orbit on-site interactions.
B.2 Single-orbital Kondo model
The single impurity Anderson model reads:
HAIM =
∑
k
ϵknk + Un↑n↓ + V
∑
kσ
(c†kσdσ + h.c.) (B.12)
= Hatomic +Hhyb. (B.13)
c†k,σ, d
†
σ create conduction electrons with moment k and spin σ and impurity electrons
with spin σ, respectively. The model is invariant under U(1) charge and SU(2) spin
transformation. For clarity we rewrite the hybridization term as:∑
kσ
Vk(c
†
kσdσ + h.c.) = V
∑
σ
(c†σdσ + h.c.) (B.14)
The Kondo Hamiltonian thus reads:
HK = V
2Pn(c
†
σi
dσid
†
σk
cσk + h.c.)Pn. (B.15)
Next we insert an identity:
HK = V
2Pn(c
†
σi
dσid
†
σk
cσk + h.c.)Pn (B.16)
= V 2Pn(δσi,σlδσk,σj)(c
†
σi
dσld
†
σj
cσk + h.c.)Pn. (B.17)
Because the model is invariant under SU(2) transformation we can replace the Kro-
necker delta functions with the Fierz identity from Eq. B.9, and obtain:
HK = Jp
∑
σ
nσ + JS · σ. (B.18)
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First term acts as potential scatterer for conduction electrons, while the second
term describes the spin-spin interaction. S,σ are impurity and bulk spin density,
respectively. We calculate the interactions Jp, J in Sec. B.5.
Note that the form of the Kondo Hamiltonian is completely determined by the
symmetry of the problem. Weak symmetry breaking results in anisotropy of cou-
pling constants, e.g. Jx ̸= Jy ̸= Jz, while strong symmetry breaking can result in
Hamiltonian which cannot be recast into the bilinear operator-operator form.
B.3 Dworin-Narath Interaction
The AIM with DN interaction is invariant under SU(M) orbital and SU(2) spin
transformation, M denoting number of orbitals. Without a loss of generality we
consider a realistic three orbital model with two electrons, M = 3. Derivation is
equivalent to the one for the single-orbital model, with a difference that we need to
insert the Fierz identity for both spin and orbital degrees of freedom:
HDNK = PnΓΓPn = Pn(c
†
iσi
diσid
†
kσk
ckσk + h.c.)Pn (B.19)
= Pn(δi,lδk,jδσi,σlδσk,σj)(c
†
iσi
dlσld
†
kσk
cjσj + h.c.)Pn (B.20)
This leads to a result in which the dummy indices associated with the bulk operators
ci,j are independent from the indices associated with the impurity operators, and
can be summed over to yield spin/orbital momentum operators. After we insert the
Fierz identities the Kondo Hamiltonian reads:
HDNK = JpNf + JsS · s+ JtT · t+ Jts(T⊗ S) · (t⊗ s). (B.21)
Nf is the bulk electron charge operator at the impurity and describes the potential
scattering of conduction electrons. S and T are the generators of spin-1 representa-
tion of SU(2) and the fundamental representation of SU(3), respectively. Note that
T is not the conventional spin-1 operator. For more details see the following section.
The conduction-electron operators are defined as:
s =
∑
mσσ′
c†mσ
(
1
2
σσσ′
)
cmσ′ ,
t =
∑
mm′σ
c†mστmm′cm′σ.
(B.22)
σ, τ are the Pauli and Gell-Mann matrices, respectively. The second and third term
in the Kondo model describe the spin-spin and orbital-orbital interaction. Addition-
ally a product of mixed spin-orbital interaction appears. Note that the mixed term
is not the conventional spin-orbit coupling term, which is a dot product (and not a
tensor product) of the spin and orbital operator.
B.4 Kanamori Interaction
The Kanamori interaction has an additional L2 interaction term which lowers the
orbital symmetry from SU(M) to SO(M). The SO Fierz identity (B.10) in its
original form does not decouple the bulk/impurity dummy indices due to the term:
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δi,kδj,l. However, the relation can be rewritten in terms of orbital and orbital-
quadrupole operators (and also in terms of unit tensor operators):
δi,lδk,j =
1
3
δi,jδk,l +
1
2
Lci,jL
c
k,l +
1
2
Qdei,jQ
de
k,l. (B.23)
This identity leads to the desired decoupling. The five (symmetric and traceless)
quadrupole operators are second order orbital tensor operators defined as
Qbci,j =
1
2
(
Lbi,mL
c
m,j + L
c
i,mL
b
m,j
)
− 2
3
δb,cδi,j, (B.24)
Tr(QαQβ) = 2δα,β. (B.25)
The quadrupole operators are a linear superposition of products of orbital operators
LiLj, e.g. Qzz = L2z − 2/3I. Note that for M = 2 the quadrupole operators Q
are zero because the product of two or more SU(2) generators (in their fundamental
representation) can always be expressed as a linear combination of generators. When
M > 3 higher order operators (multipole operators) are also present. Highest rank
r of the multipole operators is rmax = M − 1, r = 0 being a scalar, r = 1 being a
vector. The identity (B.23) is derived by calculating
∑
b,cQ
bc
ijQ
bc
kl and applying the
identity (B.10).
After inserting the identity (B.23) for orbital and (B.9) for spin degrees of free-
dom into the Hamiltonian (B.8), the Kondo-Kanamori Hamiltonian reads:
HK = JpNf + JsS · s+ JlL · l+ JqQ · q+
+ Jls(L⊗ S) · (l⊗ s) + Jqs(Q⊗ S) · (q⊗ s). (B.26)
Nf is the electron charge operator at the position of the impurity, S,L,Q (s, l,q)
are total impurity (bath) spin, orbit, and orbital quadrupole operators, respectively.
The Kondo Hamiltonian contains besides spin-spin, orbital-orbital, and quadrupole-
quadrupole interaction also the mixed spin-orbital and spin-quadrupole products
(L ⊗ S,Q ⊗ S, respectively). Eq. (B.26) can be viewed as a multipole expansion
of the exchange interaction for spin and orbital degrees of freedom; the highest
orders (dipole for spin, quadrupole for orbital momentum) are related to the degrees
of freedom carried by the particles (σ = ±1/2 for spin, m = 1, 2, 3 for orbital
momentum).
The total set of eight generators {L,Q} is, in fact, equivalent to the set of
SU(3) generators {T}: both sets span a basis for traceless hermitian 3× 3 matrices.
Reducing the SU(3) orbital symmetry to SO(3) symmetry leads to a splitting of
the orbit-orbit and orbit-quadrupole coupling constants, i.e., Jt → Jl, Jq and Jts →
Jls, Jqs.
Kondo Hamiltonians can also be expressed in terms of unit tensor operators
(UTO), by applying the following relation:
δi,lδk,j =
∑
Λµ
TΛµ (S)i,jT
Λ
µ (S)l,k, SO(2S + 1). (B.27)
TΛµ (S) is a UTO of rank Λ ∈ {0, 1, . . . , 2S} with 2µ components µ ∈ {−Λ, . . . ,Λ},
with S being size of the moment. UTOs are an operator equivalent for electromag-
netic multipole operators. They transform under rotations like spherical harmonics
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Figure B.2: Couplings: virtual scattering process.
but they are not hermitian and do not represent physical observables; for Q ̸= 0,
TΛ†µ = (−1)µTΛ−µ. However, a set of physical observables can be built by superpos-
ing TΛµ and TΛ−µ and UTOs can also be expressed as a linear superposition of the
conventional spin operators, e.g. T 00 ∝ I, T 10 ∝ Sz, etc. An introduction to UTOs
can be found in the Appendix C.
The Kondo Hamiltonian in terms of UTOs reads:
HK =
∑
ΛΣ
JΛΣT
ΛΣ · tΛΣ, TΛΣ(L, S) = TΛ(L)⊗TΣ(S). (B.28)
UTOs TΛΣ, tΛΣ act on the impurity and bulk electrons, Λ,Σ are operator ranks.
B.5 Kondo coupling constants
Kondo models describe coupling between the impurity and bulk electrons, however,
the coupling constants carry important information about impurity’s physical prop-
erties. We calculate the coupling constants by equating matrix elements of the AIM
and the Kondo model:∑
m,m′,σ,σ′
( ∑
ψn+1
Amm′σσ′
⟨ψn+1|Himp − EGS|ψn+1⟩
⟨ψn|dmσ|ψn+1⟩⟨ψn+1|d†m′σ′|ψn⟩+ (B.29)
∑
ψn−1
Amm′σσ′
⟨ψn−1|Himp − EGS|ψn−1⟩
⟨ψn|d†mσ|ψn−1⟩⟨ψn−1|dm′σ′|ψn⟩
)
= JA⟨ψn|Â|ψn⟩
To understand the expression better, consider spin operator Sz (instead of an ar-
bitrary operator A from the Kondo model). On the right-hand side of the equa-
tion we calculate ground-state expectation value of the operator, ⟨ψn|Sz|ψn⟩, which
is just z component of spin of the ground state ψn; n denotes impurity occu-
pancy. The left-hand side of the equation is the Kondo model before transformation
into the bilinear-operator form. The equation describes virtual valence fluctua-
tion, as presented schematically in Fig. B.2. A conduction electron or hole that
tunnels from the conduction band into the impurity which excites the impurity
state into ψn±1, ⟨ψn±1|d(†)m′σ′ |ψn⟩. The excited state is then decays back into the
ground state by electron tunneling from the impurity into the conduction band,
⟨ψn|d(†)m′σ′|ψn±1⟩. Amplitude of the process depends on the expectation value of op-
erator Amm′σσ′ = ⟨mσ|A|m′σ′⟩ and excitation energies, ⟨ψn±1|Himp−EGS|ψn±1⟩. We
sum over all charge excitation events where we excite the ground state ψn into all
possible states ψn±1.
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Table B.1: Single orbital model. Impurity eigenstates.
nd State Energy
0 |0⟩ 0
1 | ↑⟩, | ↓⟩ ϵd
2 | ↑↓⟩ 2ϵd + U
For demonstration consider a single-orbital Kondo model:
HK = JpN + JS · s, (B.30)
S, s are impurity and conduction band spin operators, respectively. The AIM, the
Kondo model was derived from, reads
HAIM =
∑
kσ
ϵkc
†
kσckσ + V
∑
kσ
c†kσdσ + d
†
σckσ + ϵdnd + Un↑n↓. (B.31)
In Table B.1 we present eigenstates and energies of the impurity Hamiltonian. We set
ϵd such the ground state has one electron; we select ψ1 = | ↑⟩ as the ground state.
Consider operator Sz. First we calculate the excitation energies; from Table B.1
follows: ∆E+ = 2ϵ0 + U − ϵ0 = ϵ0 + U and ∆E− = 0− ϵ0 = −ϵ0. Next we evaluate
the RHS of Eq. (B.29): ⟨↑ |Sz| ↑⟩ = 1/2. Because only a single excited state exists
for each multiplet, the sum on the LHS simplifies to:
V 2
∑
σ,σ′
Szσσ′
(
1
∆E+
⟨↑ |dσ| ↑↓⟩⟨↑↓ |d†σ′ | ↑⟩+
1
∆E−
⟨↑ |d†σ|0⟩⟨0|dσ′| ↑⟩
)
=
J
2
(B.32)
Note that the remaining expression is non-zero iff σ = σ′ =↓, hence:
J = V 2
(
1
∆E+
− 1
∆E−
)
(B.33)
Note an additional factor −1 due to non-commutativity of operators:
d†↓| ↑⟩ = −| ↑↓⟩.
B.6 Poor man’s scaling analysis
Conventional perturbation theories are inapplicable to models in which all energy
scales are equally important. The renormalization group theory solves the prob-
lem by appropriately scaling the coupling constants after RG transformation; scal-
ing equations describe couplings dependence on an RG parameter, e.g. band-
width/energy, lattice spacing, etc. Scaling equations carry important information
about behavior of Kondo couplings, Kondo temperature and the low temperature
properties of the model.
In this section we present Anderson’s pedestrian way of deriving scaling laws for
the Kondo problem, the Poor man’s scaling. Then we introduce a convenient way
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for deriving scaling equations in terms of UTOs, which simplifies the procedure to
a great extent.
The idea for deriving the scaling laws for the Kondo model lies in absorbing
the high energy excitations as a renormalization of the effective couplings. We’re
progressively removing high-energy states at band edges, ϵ > D−|δD|, and retaining
states having energies ϵ < D − |δD|. To demonstrate the scaling consider the
scattering matrix, T :
T (ω) = V + V G0(ω)T (ω), (B.34)
V = HK , (B.35)
for the Kondo problem. G0 is the unperturbed free electron Green’s function. Now
we integrate out states with energies in range D − δD, δD being infinitesimal. We
also assume that only few states occupy the cutoff region and take into account all
virtual charge excitations from the low energy states into ϵ > D − δD.
T (ω) = V + V PδDG0(ω)T (ω) + V (1− PδD)G0(ω)T (ω), (B.36)
V ′ = V + V PδDG0V. (B.37)
The leading correction term to the renormalized Kondo interaction is
∆HK ≈
1
∆E
HKPHK . (B.38)
The projector P describes all the scattering events of electrons from the impurity to
the band edges. The projector describes two scattering processes, electron and hole
scattering. In the first case we anihilate a electron with momenta k from the low-
energy region and create one electron with momenta k′ in the high-energy region.
Next we anihilate the same electron from the high-energy region and create one
electron in the low-energy region, with momenta k′′. In the hole scattering process
we first anihilate one electron from region −D + δD,−D and create one electron
in the low energy band. The high energy hole is then occupied by another low-
energy electron with momenta k′′. One can also consider higher order corrections,
see Refs. [55, 56].
The factor is: 1/∆E = ρ|δD|(E − D + ϵk)−1 ≈ ρ|δD|D−1. We assumed that
the conduction band is wide and constant, D is the half-bandwidth, E is the energy
measured relative to the ground state of the conduction electron gas and can be
neglected, ϵk is the energy of electrons near the Fermi surface and can also be
neglected relative to D.
In the following we present two convenient approaches to calculate the scaling
equations: first is by aid of the Fierz identities and second uses the UTOs.
First, Fierz identities. Without a loss of generality, we consider the single-orbital
Kondo model with spin-spin interaction term JS · s, S = 1/2. First, we write the
impurity operators in terms of the fermionic operators
Sα → d†iσαijdj, (B.39)
with additional constraint d†↑d↑ + d
†
↓d↓ = 1. d
†
i , di creates/annihilates an electron on
the impurity with spin i ∈ {↑, ↓}, σα are the Pauli matrices. The bulk electron spin
operator is:
sα → c†iσαijcj, (B.40)
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c†i , ci creates/annihilates an electron with spin i in the bulk. The spin-spin operators
may be expressed in terms of Kronecker δ symbols using the following completeness
relation: ∑
α
(σα)i,j(σ
α)k,l = 2δi,lδk,j − δi,jδk,l. (B.41)
(For other operators, such as orbital, quadrupole, and mixed operators, one can
derive similar expressions from Eqs. (B.9),(B.10),(B.24).) After inserting the com-
pleteness relation we obtain:
J2
∑
ijkl
(2δi,lδk,j − δi,jδk,l)d†idjc†kclP × (B.42)
×
∑
mnop
(2δm,pδo,n − δm,nδo,p)d†mdnc†ocp =
= J2
∑
ijkl
∑
mnop
AijklmnopPd
†
idjd
†
mdnc
†
kclc
†
ocp. (B.43)
The projector P consists of two contributions:
P = δjm(δlo + δkp). (B.44)
The first term δjm follows from the single-occupancy constraint of auxiliary fermions,
while the second term δlo+δkp describes the processes that involve scattering of elec-
trons/holes to the upper/lower band edge. In the expressions one can use c†σkcσk = 0
for the electron states k in the upper band edge that are assumed empty and
c†σkcσk = 1 for the electron states k at the lower band edge that are assumed filled.
Now we sum over the indices m, o to eliminate Kronecker δ symbols that come
from the projection operator. The contribution of the electron scattering to the
upper band edge reads:
J2
∑
ijkl
∑
np
Aijkljnlpd
†
idnc
†
kcp. (B.45)
Next we sum over the dummy indices j, l. The correction to the Kondo exchange
reads:
J2
∑
iknp
(−4δipδkn + 5δinδkp)d†idnc†kcp = (B.46)
= −2J2S · σ + 3J2
∑
iknp
δinδkpd
†
idnc
†
kcp. (B.47)
This result has the same form as the initial exchange interaction with an additional
potential scattering term. A contribution from the scattering to the lower band edge
is obtained in a similar fashion; the exchange term is the same, while the potential
scattering term has an opposite sign and therefore cancels out that in Eq. (B.46)
since we have assumed a particle-hole symmetric conduction band. We recover the
standard β function of the S = 1/2 Kondo model.
Similar approach can be used to tackle the multi-orbital problem. We reproduce
the scaling equations of the Ref. [137] by applying the completeness relations for
the fundamental representation of the spin and orbital moment operators. In the
case of two electrons occupying the impurity, we have to take the S = 1, L = 1
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representation for the impurity spin and orbital moment operators. To calculate the
scaling function additional relation:
SiSj =
2
3
δij +
i
2
ϵijkSk +Qij, (B.48)
has to be applied. ϵijk tensor is determined by the commutator properties of the
operators [Si, Sj] = iϵijkSk and Qij are spin-quadrupole operators, which are absent
from the original Kondo Hamiltonian. The scaling functions for a flat band, a general
number of orbitals M occupied by two electrons and N = 2 read:
βs =
M
(
Jls
2 −M
(
Jls
2 + 2Js
2
))
− Jqs2 (M2 +M − 2)
2M2
, (B.49)
βl =
1
16
(
−4Jl2(M − 2)− 3Jls2(M − 2)− (M + 2)
(
4Jq
2 + 8Jqs
2
))
, (B.50)
βq = −
1
8
M(4JlJq + 8JlsJqs), (B.51)
βls = −
Jls (M(Jl(M − 2) + 4Js) + Jqs (M2 − 4)) + JqJqsM(M + 2)
2M
, (B.52)
βqs = −
2JqsM(JlM + 4Js) + JlsM(Jls(M − 2) + 2JqM) + Jqs2 (M2 + 2M − 8)
4M
.(B.53)
When α = 0, Jq = Jl, Jqs = Jls and results are the same as obtained in Ref. [67]
for the model with two electrons occupying the impurity and with a SU(M) orbital
symmetry.
We conclude this section by demonstrating how to calculate the scaling functions
using UTOs:
H(J) =
∑
Σν
JΣνT
Σ
ν · tΣν , (B.54)
H(J̃) = H(J)PH(J), (B.55)
J̃Σν = Tr[T
Σ†
ν H(J)PH(J)]. (B.56)
J̃ are the renormalized coupling constant. First, we express the Kondo Hamiltonian
in terms of UTOs. Then we need to work out the projector operator P , which
is the only non-trivial part; one needs to figure out the correct order for operator
multiplication and the −1 sign, which may appear due to non-commutativity of
operators. Finally, we multiply the expression by a tensor operator and calculate
the trace. Note that we work in matrix representation. This approach can be used
to calculate corrections of an arbitrary order.
B.7 Rescaled Kondo Hamiltonian
In the Coqblin-Schrieffer model the coupling constants are related to each other:
3Jp,s = 2Jl,q = Jls,qs. We introduce rescaled coupling constants: J̃p,s = 3Jp,s, J̃l,q =
2Jl,q, J̃ls,qs = Jls,qs. The Kondo Hamiltonian in terms of rescaled couplings reads:
HK = J̃p/3Nf + J̃s/3S · s+ J̃l/2L · l+ J̃q/2Q · q+
J̃ls(L⊗ S) · (l⊗ s) + J̃qs(Q⊗ S) · (q⊗ s). (B.57)
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Hence the rescaled Kondo couplings are written in a more symmetric form:
J̃p =
V 2
6
(
6
∆E1
− 4
∆Ea3
− 5
∆Eb3
− 3
∆Ec3
)
, (B.58)
J̃s =
V 2
6
(
6
∆E1
− 2
∆Ea3
+
5
∆Eb3
+
3
∆Ec3
)
, (B.59)
J̃l =
V 2
6
(
6
∆E1
+
8
∆Ea3
− 5
∆Eb3
+
3
∆Ec3
)
, (B.60)
J̃q =
V 2
6
(
6
∆E1
+
8
∆Ea3
+
1
∆Eb3
− 3
∆Ec3
)
, (B.61)
J̃ls =
V 2
6
(
6
∆E1
+
4
∆Ea3
+
5
∆Eb3
− 3
∆Ec3
)
, (B.62)
J̃qs =
V 2
6
(
6
∆E1
+
4
∆Ea3
− 1
∆Eb3
+
3
∆Ec3
)
. (B.63)
Notice that in the limit of vanishing Hund’s coupling J = 0, ∆Ei = ∆E, and all the
couplings are the same and so are the scaling functions:
β̃p = 0, (B.64)
β̃s = −
1
3
(
3J̃2ls + 5J̃
2
qs + J̃
2
s
)
, (B.65)
β̃l = −
1
8
(
J̃2l + 3J̃
2
ls + 5
(
J̃2q + 8J̃
2
qs
))
, (B.66)
β̃q = −
3
4
(J̃lJ̃q + 8J̃lsJ̃qs), (B.67)
β̃ls = −
1
12
(3J̃lJ̃ls + 10J̃lsJ̃qs + 8J̃lsJ̃s + (B.68)
+15J̃qJ̃qs),
β̃qs = −
1
12
(J̃qs(9J̃l + 7J̃qs + 8J̃s) + (B.69)
+3J̃2ls + 9J̃lsJ̃q).
B.8 Kondo Model with Spin-Orbit Coupling
We derive the Kondo model in terms of the unit tensor operators. We already
learned that a generic operator within the given L, S multiplet can be expanded in
terms of double-tensor operators:
TΛΣµν (L, S) = T
Λ
µ (L)⊗ TΣν (S), (B.70)
A =
∑
ΛΣµν
AΛΣµν T
ΛΣ
µν . (B.71)
Λ,Σ are tensor ranks and µ, ν their components. In most materials the SOC is
smaller than Hund’s coupling, hence the impurity electrons will first form many-
body states with well defined spin S and orbital moment L which then couple
according to the Clebsch-Gordan coupling scheme:
|LSJj⟩ =
∑
mσ
CJjLm,Sσ|LmSσ⟩, (B.72)
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to form states with definite total angular moment J . CJjLm,Sσ are the Clebsch-Gordan
coefficients. Similarly to states, unit tensor operators acting within a general LSJ
multiplet are constructed via coupling of double-tensor operators:
TΛΣΓq (LSJ) =
∑
ΛµΣν
CΓqΛµ,ΣνT
ΛΣ
µν (LS) (B.73)
Since UTOs within a LSJ multiplet must transform as the total angular momentum
eigenstates, the expansion coefficients are the Clebsch-Gordan coefficients. It is
especially instructive to build multipole operators belonging to a given irrep G of
the symmetry group
OKGg =
∑
Γ
c(K,G, g,Γ)T Γ. (B.74)
All operator can be, of course, expressed as polynomials in J. For more details
consult Ref. [138] and Refs. within.
Kondo Hamiltonian is a bilinear operator and can be expanded in terms of UTOs:
HK =
∑
K
JΛΣΓT
ΛΣΓ · tΛΣΓ. (B.75)
T, tk are impurity and bath electron operators, respectively, and JΛΣΓ are coupling
constants.
We have assumed the SOC is smaller than Hund’s coupling—as in most com-
pounds is—yet, in some compounds the SOC is larger than Hund’s interaction.
Electrons in these compounds form—due to the SOC—single-electron states with
definite angular moment j; these states then form a many-body state with a definite
total angular momentum J . The Kondo Hamiltonian is expressed in terms of the
UTOs T Γj (J), which depend only on J :
HK =
∑
K
JΓT
Γ · tΓ. (B.76)
Operators TΛΣΓ(L, S, J) map onto T Γ(J) within the given J subspace. This deriva-
tion is more general since we do not pressume any existence of multiplets with defi-
nite L, S; however, the first formulation is more instructive as establishes a clearer
connection with the QST model.
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Multipole Operators
Multipole operators or unit tensor operators provide a systematic approach for mul-
tipole expansion due to their properties. [133, 138, 139, 140, 141]. We used them to
derive the Kondo Hamiltonian and calculate the scaling equations. In this chapter
we present some of their fundamental properties and relations, we used in this work.
Spherical components of spin may be expressed in terms of the spin basis func-
tions as:
Sν =
√
S(S + 1)
∑
σσ′
CSσ
′
Sσ1ν |Sσ⟩⟨Sσ′|. (C.1)
Unit tensor/multipole operators are defined as1:
TΣν (S) =
√
2Σ + 1
2S + 1
∑
σσ′
CSσ
′
SσΣν |Sσ⟩⟨Sσ′|. (C.2)
S is size of the angular moment and the tensor rank Σ ranges from 0 to 2S, Σ ∈
{0, 2S}. The operators have 2Σ + 1 components ν, ν ∈ {−Σ,Σ}. CSσ′SσΣν are the
Clebsch-Gordan (CG) coefficients, which obey the following orthogonality relation:∑
Σν
(2Σ + 1)CSiSj,ΣνC
Sk
Sl,Σν = δi,kδj,l. (C.3)
The UTOs form a complete basis set, hence any general operator acting within the
S ground state can be expanded in terms of UTOs. In matrix representation UTOs
are (2S + 1)× (2S + 1) square matrices; since UTOs form a complete orthonormal
basis any square matrix A can be expanded in terms of UTOs:
A =
2S∑
Σ=0
Σ∑
ν=−Σ
AΣν T
Σ
ν (S), (C.4)
where the coefficients AΣν are given by:
AΣν = Tr[T
Σ†
ν (S)A]. (C.5)
Matrix elements of the UTOs are expressed in terms of CG coefficients:
TΣν (S)ij =
√
2Σ + 1
2S + 1
CSiSjΣν . (C.6)
1Note that references [133, 138, 139, 140, 141] use slightly different phase conventions and
normalization factors. We use conventions from Ref. [133]. Beware that Clebsh-Gordan coefficients
from different libraries may have different phase conventions.
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By inserting this relation into Eq. (C.3) we obtain a Fierz-like identity:
δi,lδk,j =
∑
Σν
TΣν (S)ijT
Σ
ν (S)lk. (C.7)
We used this identity to conveniently derive the Kondo Hamiltonian with SO orbital
symmetry. Note that only linear combinations of UTOs are physical observables
since UTOs are not self-adjoint: TΣ†ν = (−1)νTΣ−ν (except for ν = 0).
The zero rank tensor operator is a scalar T 00 (S) = I/
√
2S + 1. The three first
rank tensors are related to the angular momentum operators as:
(S−, Sz, S+) = (T
1
−1, T
1
0 , T
1
1 )
√
S(S + 1)(2S + 1)√
3
. (C.8)
Spin operators S live in a 2S+1 dimensional representation of SU(2). To construct
operators with rank Σ it suffices to know the operators of rank Σ − 1 and rank 1,
namely:
TΣ0 (S) =
⎡⎣(−1)2S+Σ√3[Σ− 1]
⎧⎨⎩Σ− 1 1 ΣS S S
⎫⎬⎭
⎤⎦−1∑
ν1,ν2
CΣ0Σ−1ν1,1ν2T
Σ−1
ν1
(S)T 1ν2(S).(C.9)
where [Σ] =
√
2Σ + 1. This expression may be used to express all UTOs in terms
of spin operators. The non-zero components (M ̸= 0) are obtained by applying the
commutation relation:
[S±, T
Σ
ν (S)] = [L]C
LM±1
LM,1µTLM±1(S), (C.10)
where µ ∈ {−1, 0, 1}. Application of these recursion relations allows us to express
the UTOs in terms of spin operators and vice versa.
In most materials electrons carry both spin and orbital moment, hence, in ab-
sence of the SOC, we can define spherical double tensors:
TΛΣµν (L, S) = T
Λ
µ (L)⊗ TΣν (S), (C.11)
L, S are the orbital and the spin angular moments of an electron. Λ,Σ are the
corresponding ranks. This double tensor transforms under rotations in orbital (spin)
space like a standard angular moment state with moment L (S).
When SOC is present UTOs from Eq. (C.11) are no longer appropriate, as only
total angular moment is conserved. In the weak SOC limit the total angular moment
operators can be constructed by the moment coupling scheme:
TΛΣΓM (J) =
∑
µ,ν
CΓMΛµΣνT
ΛΣ
µν (L, S), (C.12)
Γ is the rank of the tensor and results from Λ,Σ as from the angular-moment addition
theorem, Γ ∈ {|Λ − Σ|,Λ + Σ}. The angular moment is J = L + S, S = 1/2, L =
(M −1)/2 being spin and orbital moment of electrons, respectively. M is number of
orbitals. Three indices ΛΣΓ can be condensed into a single index Γ. These UTOs
are used to derive Kondo Hamiltonian in the presence of the SOC.
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We (re)derived the following relations, frequently used in our work:
[Λ] =
√
2Λ + 1, (C.13)
TΛ1Σ1Γ1M1 T
Λ2Σ2Γ2
M2
=
∑
µ1,ν1,µ2,ν2
CΓ1M1Λ1µ1Σ1ν1C
Γ2M2
Λ2µ2Σ2ν2
TΛ1Σ1µ1ν1 T
Λ2Σ2
µ2ν2
, (C.14)
TΛ1Σ1µ1ν1 T
Λ2Σ2
µ2ν2
=
(
TΛ1µ1 T
Λ2
µ2
)
⊗
(
TΣ1ν1 T
Σ2
ν2
)
, (C.15)
TΛ1µ1 (L)T
Λ2
µ2
(L) =
∑
Λ,µ
(−1)2L+Λ[Λ1][Λ2]
⎧⎨⎩Λ1 Λ2 ΛL L L
⎫⎬⎭CΛµΛ1µ1,Λ2µ2TΛµ (L),(C.16)
∑
µ1,µ2,ν1,ν2
CΓ1M1Λ1µ1Σ1ν1C
Γ2M2
Λ2µ2Σ2ν2
CΛµΛ2µ2Λ1µ1C
Σν
Σ2ν2Σ1ν1
=
∑
Kκ
∏
Γ1,Γ2,Λ,Σ
CKκΛµΣνC
Kκ
Γ2M2Γ1M1
⎧⎪⎪⎪⎨⎪⎪⎪⎩
Σ1 Λ1 Γ1
Σ2 Λ2 Γ2
Σ Λ K
⎫⎪⎪⎪⎬⎪⎪⎪⎭ , (C.17)∏
a1,a2,...,an
= [a1][a2] . . . [an]. (C.18)
Terms in the curly brackets are the Wigner 6j and 9j coefficients. By using the
relations above we can express a product of two operators as:
TΛ1Σ1Γ1M1 T
Λ2Σ2Γ2
M2
=
∑
(Λ,Σ,Γ,M)
∏
(Λ1,Λ2,Λ,Σ1,Σ2,Σ,Γ1,Γ2)
(−1)2(L+S)+Λ1+Λ2+Σ1+Σ2CΓMΓ2M2Γ1M1
×
⎧⎨⎩Λ1 Λ2 ΛL L L
⎫⎬⎭
⎧⎨⎩Σ1 Σ2 ΣS S S
⎫⎬⎭
⎧⎪⎪⎪⎨⎪⎪⎪⎩
Σ1 Λ1 Γ1
Σ2 Λ2 Γ2
Σ Λ Γ
⎫⎪⎪⎪⎬⎪⎪⎪⎭T
ΛΣΓ
M . (C.19)
This relation is usefull when calculating RG flow equations since we can easily
express a bilinear operators in terms of a sum of linear operators. UTO framework
is completely general and is not restricted to Kondo model derivations.
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Appendix D
Comparison between Kanamori and
Dworin-Narath models
Parameter α continuously tunes the impurity interaction between the DN (α = 0)
and Kanamori (α = 0) form. Even though the SO(3) orbital symmetry is dynami-
cally restored to SU(3) at low energies and the behavior of the two models is similar,
there are quantitative differences that we illustrate in Fig. D.1. We present the spin
and the orbit Kondo temperatures as a function of Hund’s coupling for different val-
ues of α. Overall a qualitatively similar behavior is found. At small hybridizations
up to an order of magnitude difference is found for large J . For small hybridization
the spin Kondo temperature for Dworin-Narath is non-monotonic at large J which
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Figure D.1: Spin and orbital Kondo temperatures as a function of Hund’s coupling
J for different values of parameter α (α = 0 DN interaction, α = 1 Kanamori
interaction). Model parameters are Ueff = 2, Nd = 2.
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models
is not the case for the Kanamori model. The calculated Kondo temperatures there
differ by an order of magnitude between the two models which can be important for
realistic DMFT calculations where the quantitative agreement with experiments is
desired. Despite the overall similarity of the Dworin-Narath and Kanamori results,
the more realistic Kanamori interaction needs to be used there.
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Transport Properties Within DMFT
E.1 Transport integrals
Transport properties in the limit of inifit conectivity are expressed in terms of trans-
port integrals
In =
Nπ
ℏkB
∫ (
−df
dω
)
Φ(ϵ)A2(ϵ, ω)(ωβ)ndωdϵ. (E.1)
f(ω) is the Fermi-Dirac distribution function, Φ(ω) is the transport function, which
for the case of the Bethe lattice, reads:
Φ(ϵ) = (1− ϵ2/D2)3/2, (E.2)
D = 1 being the half band width. A(ϵ, ω) is the spectral function
A(ϵ, ω) = − 1
π
ImG(ϵ, ω) = − 1
π
ImΣ(ω)
(ω − ϵ− ReΣ(ω))2 + ImΣ2(ω) (E.3)
Electrical conductivity, σ, thermopower, α, and electron thermal conductivity,
κ, are expressed in terms of the first three transport integrals:
σ =
e20
T
I0, (E.4)
α = −kB
e0
I1
I0
, (E.5)
κ = k2B
(
I2 −
I21
I0
)
. (E.6)
To understand how different quantities contribute to transport we decompose
the transport integral as follows:
In =
∫
(ωβ)nJ(ω)dω. (E.7)
We introduce an effective transport density function
J(ω) =
Nπ
ℏkB
∫ (
−df
dω
)
Φ(ϵ)A2(ϵ, ω)dϵ. (E.8)
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Within this formulation the transport properties are n-th order moments of the
distribution J(ω). To understand the structure of the J(ω), we factor it:
J(ω) =
Nπ
ℏkB
L(ω)K(ω), (E.9)
L(ω) =
(
−df
dω
)
1
−ImΣ(ω) , (E.10)
K(ω) = −
∫
Φ(ϵ)ImΣ(ω)A2(ϵ, ω)dϵ. (E.11)
We also introduce a moment generating function, which is a Fourier transform of
the J(ω):
F (t) =
∫
e−iωtJ(ω)dω. (E.12)
One can now express the transport integrals in terms of derivatives of F (t) at t = 0,
In = β
n(−i)−nd
nF (t)
dtn
⏐⏐⏐⏐
t=0
. (E.13)
The K(ω) can be evaluated analytically for some specific forms of the transport
function, Φ(ϵ), e.g. the Bethe lattice:
Φ(ϵ) =
(
1− ϵ2
)3/2
, (E.14)
K(ω) = −πImΣ3(ω)− π
2
√
2
(
(3ImΣ2(ω) + β+)
√√
α+α− + β (E.15)
−|ImΣ(ω)||ReΣ(ω)|
√√
α+α− − β
)
,
α± = ImΣ2(ω) + (ω − ReΣ± 1)2, (E.16)
β = ImΣ2(ω)− (ω − ReΣ)2 + 1. (E.17)
This significantly reduces the computational cost as now one needs to perform a
single numerical integral.
Some useful integrals: ∫ 1
−1
dϵΦ(ϵ) =
3π
8
, (E.18)
1
4
∫ ∞
−∞
sech(βω/2)2dω =
1
β
. (E.19)
If the spectral function is constant A(ϵ, ω, T ) = A0:
I0 =
3A20Nπ
2
8ℏ
T (E.20)
E.2 Approximations
In the following we give some physical meaning to quantities introduced in the
previous section.
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We first inspect the zero–T limit. −∂f(ω)/∂ω is significant only in a frequency
domain ω ∈ [−10T, 10T ], at all temperatures. The energy scale is shifted so that
the chemical potential is always zero,µ = 0. Hence in the zero–T limit the Fermi
distribution function becomes a Heaviside–theta function and its derivative is a
Dirac delta function, ∂f(ω)/∂ω = −δ(ω). Therefore the transport properties are
completely determined by the zero-frequency properties of the spectral function:
I0 =
Nπ
ℏkB
∫
Φ(ϵ)A2(ϵ, 0)dϵ. (E.21)
Furthermore, when the |ImΣ(ω)| ≪ 1, the square of the Lorentz function can be
approximated by the Dirac delta function, hence the K(ω) becomes
K(ω) ∝ Φ(ω − ReΣ(ω)), (E.22)
or in the FL regime:
K(ω) ∝ Φ
(
ω
ZImΣ(ω)
)
. (E.23)
The results are independent of the form of the transport function. Hence the trans-
port integral reduces to:
I0 ∝
1
ImΣ(0)
Φ(ReΣ(0)). (E.24)
Now we turn to the FL theory, which is valid only near the Fermi level. Hence
we may expand the real and imaginary part of the self-energy:
lim
ω→0
ReΣ(ω) ≈ ReΣ(0) +
(
1− 1
Z
)
ω, (E.25)
lim
ω→0
ImΣ(ω) ≈ ImΣ(0), (E.26)
Z−1 = 1− ∂ReΣ(ω)
∂ω
⏐⏐⏐⏐
ω=0
. (E.27)
This allowes us to recast transport equations in terms of quasi-particles (QPs) as
we linearize the Green’s function:
G(ω) =
Z
(ω − ω′) + iΓ , (E.28)
(E.29)
Γ = −ZImΣ(ω) is the QP scattering rate.
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Poglavje 8
Razširjeni povzetek v slovenskem
jeziku
Hundova sklopitev ima znaten vpliv na fizikalne lastnosti oksidov prehodnih kovin,
kot so pniktidi in rutenati. Glavne značilnosti Hundovih kovin so znižana koherenčna
skala, Kondovo senčenje spinske ter tirne vrtilne količine pri različnih temperaturah,
spin-freezing stanje v območju med obema Kondovima temperaturama in močne
elektronske korelacije v območju faznega prostora, ki je daleč od Mottovega faznega
prehoda. [6, 9, 28, 65, 66, 67, 68, 69] Hundova sklopitev je tako, poleg Hubbardovega
odboja, izvor elektronskih korelacij v več-orbitalnih sistemih. [6]
Osrednja tema doktorata so Hundove nečistoče ter lastnosti Hundovih kovin v
teoriji dinamičnega povprečnega polja (angl. dynamical mean-field theory, DMFT).
Obravnavamo tudi transportne lastnosti mrežnega Kondo modela (angl. Kondo lat-
tice model, KLM) sklopljenega na kopel prevodniških elektronov s končno vrednostjo
Hubbardovega odboja U . Takšen model imenujemo KLM-U. Doktorat je razdeljen
na dva dela: v prvem delu preučujemo fiziko Hundovih nečistoč ter vpliv sklopitve
spin-tir, v drugem delu izračunamo spektralne in transportne lastnosti Hundovih
kovin ter obravnavamo KLM-U model.
Kanamorijev in Dworin-Narath (DN) model več-orbitalne Andersonove nečistoče
najboljše opišeta lastnosti Hundovih kovin v teoriji dinamičnega povprečnega polja.
Modela imata različno orbitalno simetrijo: Kanamori model ima SO(3) in model
DN ima SU(3) orbitalno simetrijo. S teorijo renormalizacijske grupe (RG) poka-
žemo, da imata modela enake nizkoenergijske lastnosti, saj renormalizacija povzroči
povečanja SO(3) orbitalne simetrije v SU(3). Kondo senčenje spinske in orbitalne
prostostne stopnje pri različnih temperaturah je posledica različne spinske SU(2) ter
orbitalne SO(3), SU(3) simetrije, kar podpremo z analitičnimi rezultati. Problem
rešimo tudi z ne-perturbativno metodo numerične renormalizacijske grupe. Za širok
nabor parametrov Hubbardovega odboja U , Hundove sklopitve JH ter zasedenosti
nečistoče Nd izračunamo spinsko ter orbitalno Kondovo temperaturo. Rezultati po-
kažejo, da je orbitalna Kondova temperatura tipično en do dva reda velikosti višja
od spinske Kondove temperature, s čimer podpremo analitične rezultate, ter da je
osnovno stanje modela Fermijeva tekočina.
Razumevanje območja med obema Kondovima temperaturama je pomembno za
Hundove kovine katerih spinska Kondova temperatura leži pod in orbitalna Kondova
temperatura leži nad sobno temperaturo. Bližina obeh Kondovih temperatur v An-
dersonovem modelu nam onemogoča podrobno obravnavo vmesnega območja, zato
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obravnavamo Kondov model pri katerem s spreminjanjem sklopitev razklopimo obe
Kondovi temperaturi. Pokažemo, da ima Kondov model več fiksnih točk, izmed kate-
rih nekatere nimajo lastnosti Fermijeve tekočine. Obravnava razkrije, da se Hundove
kovine v območju med obema Kondovima temperaturama najverjetneje nahajajo v
fiksni točki z rezidualno entropijo S = log(3) + log((3 +
√
5)/2)/2, ki ustreza stanju
s prostim spinom ter delno zasenčenim orbitalnim momentom. Predstavimo tudi
spektralne funkcije modela v različnih fiksnih točkah.
Sklopitev spin-tir igra pomembno vlogo v oksidih prehodnih kovin ter lahko pri-
pelje tudi do Mottovega faznega prehoda, kot se to zgodi v iridijevih oksidih. Jakost
sklopitve v 3d oksidih znaša 50 meV, v 4d oksidih 0.1-0.2 eV ter okoli 0.4 eV v
5d oksidih. Podrobno študiramo vpliv sklopitve spin-tir na fizikalne lastnosti tri-
orbitalnega Andersonovega modela nečistoče s Kanamorijevo interakcijo ter zasede-
nostma Nd = 2, 4. Pokažemo, da je vpliv sklopitve spin-tir λ znaten le, ko jakost
sklopitve |λ| preseže orbitalno Kondovo temperaturo modela brez sklopitve spin-tir.
Glede na jakost sklopitve spin-tir ter zasedenost Nd = 2, 4 nečistoče se model lahko
nahaja v treh različnih osnovnih stanjih: Van Vleckov izolator, Hundova kovina ali
j = 3/2 kovina.
V drugem delu si ogledamo vpliv korelacij na spektralne in transportne lastnosti
Hundovih kovin na Bethe mreži v teoriji dinamičnega povprečnega polja. Pokažemo,
da so korelacije prisotne že pri majhnih vrednostih Hubbardovega odboja U , ter da
se Mottov fazni prehod zgodi pri U/D = 6 za parametre JH = U/6, Nd = 2, D je
polovica pasovne širine. Vse spektralne lastnosti Hundovih nečistoč se ohranijo tudi
v prisotnosti korelacij. Ne-koherentni del kvazidelčnih vzbuditev se skalira z orbi-
talno Kondovo temperaturo. Izračunamo tudi temperaturno odvisnost upornosti,
Seebeckovega koeficienta ter spektralnih funkcij. Na koncu obravnavamo transpor-
tne lastnosti eno-orbitalnega Kondovega mrežnega modela ob prisotnosti korelacij v
prevodnem pasu v teoriji dinamičnega povprečnega polja.
8.1 Hundove nečistoče
Predstavljamo fizikalne lastnosti Andersonovega modela tri-orbitalne nečistoče s Ka-
namorijevo [39] ter Dworin-Narath [40] interakcijo, ki sta relevantni za opis Hun-
dovih kovin v teoriji dinamičnega povprečnega polja. S teorijo renormalizacijske
grupe (RG) pokažemo, da oba modela opisujeta isto nizkoenergijsko fiziko navkljub
različni orbitalni simetriji. Izpeljemo Kondova modela za obe interakciji ter poka-
žemo, da sta spin in tirna vrtilna količina senčena pri različnih temperaturah zaradi
različne spinske in orbitalne simetrije. Ker je tirna vrtilna količina le delno sen-
čena, vse dokler ni popolnoma senčen spin, model pri temperaturah med obema
Kondovima temperaturama nima lastnosti Fermijeve tekočine. Problem rešimo tudi
z neperturbativno numerično renormalizacijsko grupo za širok spekter parametrov.
Pri obravnavi območja med obema Kondovima temperaturama najdemo več fiksnih
točk Kondovega modela. Na koncu predstavimo vpliv Kondovih sklopitev na spek-
tralne lastnosti modela.
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8.1.1 Analitična obravnava Andersonovega modela
Andersonov model tri-orbitalne nečistoče s Kanamori (α = 1) ali Dworin-Narath
(α = 0) interakcijo je H = Hbath +Hhyb +Himp:
Hbath =
∑
k,m,σ
ϵkc
†
kmσckmσ, (8.1)
Hhyb = V
∑
m,σ
c†mσdmσ + h.c., (8.2)
Himp =
U − 3J
2
Nd(Nd − 1) + ϵ0Nd − 2JS2 − α
J
2
L2. (8.3)
Prvi člen opisuje kinetično energijo elektronov v prevodnem pasu, drugi člen opisuje
sklopitev med nečistočo ter prevodniškimi elektroni, tretji člen opisuje interakcijo
na nečistoči. Uvedli smo parameter α ∈ [0, 1], s katerim preklapljamo med Kana-
morijevo α = 1 in DN α = 0 interakcijo. Model je simetričen na transformacijo
delec-vrzel, ima SU(2) spinsko simetrijo ter SO(3) orbitalno simetrijo v primeru
Kanamorijeve interakcije in SU(3) orbitalno simetrijo v primeru DN interakcije.
Nizko-energijsko fiziko modela pri dvojni zasedenosti Nd = 2, ki je relevantna za
Hundove kovine, opisuje Kondov model:
HK = JpNf + JsS · s+ JlL · l+ JqQ · q+
+ Jls(L⊗ S) · (l⊗ s) + Jqs(Q⊗ S) · (q⊗ s). (8.4)
Prvi člen opisuje potencialno sipanje prevodniških elektronov, drugi člen opisuje
sklopitev spinskih prostostnih stopenj, sklopitvi Jl,q sklapljata orbitalne in kvadru-
polne prostostne stopnje, Jls,qs opisujeta sklopitev mešanih členov, ki sklapljata spin-
ske in orbitalne ter spinske in kvadrupolne prostostne stopnje.
Člen L2 v Kanamorijevem modelu zlomi SU(3) orbitalno simetrijo DN modela,
kar vodi do razcepa sklopitev v Kondovem modelu: Jl ̸= Jq, Jls ̸= Jqs. V DN modelu
so jakosti sklopitev enake: Jl = Jq, Jls = Jqs. Z uporabo renormalizacijske grupe
izračunamo enačbe skaliranja β. Na Sliki 8.1 prikazujemo temperaturno odvisnost
sklopitev ter enačb skaliranja. Rezultati razkrivajo, da Kanamorijev in DN model
opisujeta isto nizkoenergijsko fiziko, saj razcep med sklopitvami limitira proti nič, ko
se približujemo Kondovi temperaturi, Slika 8.1 (e). Na slikah (a,b) prikazujemo re-
zultate za Coqblin-Schriefferjev model z SU(6) simetrijo 3Js = 2Jl = 2Jq = JCS = 1,
vendar z zmanjšanimi mešanimi členi Jls = Jqs = JCS/100. Renormalizacija spin-
ske sklopitve je počasnejša od renormalizacije orbitalne sklopitve, zaradi česar je
orbitalna Kondova temperatura višja od spinske. Na slikah (c,d) prikazujemo vpliv
razcepa med orbitalnim in kvadrupolnim členom. Začetne vrednosti sklopitev so:
3Js = 2Jl = Jls = JCS = 1 in Jq = Jl/100, Jqs = Jls/100. Skaliranje spinske
sklopitve je hitrejše, vse dokler jakost mešanih sklopitev ne postane primerljiva z
jakostjo spinske sklopitve. V tej točki postaneta tudi orbitalna sklopitev ter ska-
liranje močnejša od spinske. Opazimo lahko, da razcep med orbitalno in kvadru-
polno sklopitvijo postane zanemarljiv pri nizkih energijah. Na slikah (e,f) prikazu-
jemo skaliranje Kondovih sklopitev, ki ustrezajo Andersonovem modelu s parametri
U/D = 3.2, J/D = 0.4,Γ/D = 1. Opazimo, da razcep med sklopitvami pade proti
nič, kar kaže, da Kanamorijeva in DN interakcija opisujeta isto nizkoenergijsko fiziko.
Podobna dinamična vzpostavitev simetrije je bila opažena tudi v drugih kvantnih
modelih nečistoče [74, 75, 76, 77, 78].
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Slika 8.1: Skaliranje Kondovih sklopitev (zgoraj) in enačbe skaliranja βi (spodaj)
za različne začetne vrednosti. (a) in (b) mešane sklopitve so zmanjšane Jls,qs =
Js,q/100 in Jl = Jq, Jls = Jqs. (c) in (d) kvadrupolne sklopitve so zmanjšane Jq,qs =
Jl,ls/100. (e) in (f) sklopitve ustrezajo sklopitvam Kondo modela za Andersonov
model nečistoče s parametri U/D = 3.2, J/D = 0.4,Γ/D = 1. Graf (f) prikazuje
razmerje med orbitalno in kvadrupolno sklopitvijo Jl/Jq ter mešanima sklopitvama
Jls/Jqs.
Če opustimo mešani sklopitvi Jls,qs = 0 bosta spinska in orbitalna sklopitev
neodvisni. Iz razmerja funkcij skaliranja βl/βs = 3/2J2l /J2s sledi, da je skaliranje
orbitalne sklopitve hitrejše, prav tako je jakost orbitalne sklopitve večja, posledično
je orbitalna Kondova temperatura višja. Analiza rezultatov razkrije, da je razmerje
3/2 povezano z redom M simetrije SU(M), kjer je M = 3 za tirno vrtilno količino
ter M = 2 za spin.
8.1.2 Numerični rezultati
Analitične rezultate podpremo še z numeričnimi računi. Problem nečistoče rešu-
jemo z neperturbativno metodo numerične renormalizacijske grupe (angl. numeri-
cal renormalization group, NRG). [35] Na Sliki 8.2 prikazujemo efektivno spinsko in
orbitalno susceptibilnost Kanamorijevega, DN in Kondovega modela. Vsi rezultati
se kvalitativno ujemajo, dobimo tudi dobro kvantitativno ujemanje Kanamorijevega
in Kondovega modela. Pri visokih energijah Andersonov model nečistoče in Kondov
model opisujeta različno fiziko: v Andersonovem modelu postane degeneriran cel
Nd = 2 multiplet, Kondov model opisuje samo stanje S = 1, L = 1 multipleta z
Nd = 2. Senčenje tirne vrtilne količine se zgodi pri višjih temperaturah kot senčenje
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Slika 8.2: Efektivna spinska in orbitalna susceptibilnost χST in χLT ter suscep-
tibilnosti χS,L za Dworin-Narathov (DN), Kanamorijev (K) in Kondo-Kanamorijev
model s parametri U/D = 3.2, J/D = 0.4,Γ/D = 0.1.
Slika 8.3: Orbitalna in spinska Kondova temperatura v odvisnosti od Hundove
sklopitve J .
spina, kar potrjuje naše analitične rezultate. Senčenje je popolno, zaradi česar je
osnovno stanje pri temperaturah nižjih od spinske Kondove temperature Fermijeva
tekočina.
Na Sliki 8.3 prikazujemo orbitalno in spinsko Kondovo temperaturo, kot funkcijo
Hundove sklopitve J . Rezultat nazorno kaže, da ima Hundova sklopitev vpliv šele,
ko je jakost sklopitve večja od Kondove temperature modela brez Hundove sklopitve.
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Slika 8.4: Entropija Kondovega modela. Mešani sklopitvi sta Jls,qs = 0, od nič
različne sklopitve so navedene v legendi.
8.1.3 Lastnosti Kondovega modela
Spinska in orbitalna Kondova temperatura rutenijevih oksidov sta 10 K ter 1000 K.
Bližina obeh Kondovih temperatur v Andersonovem modelu nam onemogoča štu-
dijo območja med obema temperaturama, zato obravnavamo posplošen Kondo-
Kanamorijev model (angl. generalized Kondo-Kanamori model, GKKM):
HK = JpNf+JsS·s+JlL·l+JqQ·q+Jls(L⊗ S)·(l⊗s)+Jqs(Q⊗ S)·(q⊗s). (8.5)
Sklopitve Jp = −0.0044, Js = 0.025, Jl = 0.033, Jq = 0.035, Jls = 0.59, Jqs = 0.055
ustrezajo sklopitvam, ki jih dobimo iz Schrieffer-Wolffove transformacije Andersono-
vega modela nečistoče s Kanamorijevo interakcijo ter parametri U/D = 3.2, JH/D =
0.4, Nd/D = 2. V GKKM lahko Kondovi temperaturi poljubno ločimo s skaliranjem
sklopitev: mešane člene Jqs, Jls → Jqs/100, Jls/100 zmanjšamo, s čimer razklopimo
obe Kondovi temperaturi, orbitalne in kvadrupolne člene Jl, Jq → 10 ·Jl, 10 ·Jq pove-
čamo, s čimer zvišamo orbitalno Kondovo temperaturo. Kondov model s skaliranimi
sklopitvami imenujemo Kondo scaled.
Na Sliki 8.4 prikazujemo prispevek nečistoče k entropiji za GKKM, za skaliran
Kondov model ter za štiri Kondove modele, katerih osnovno stanje se nahaja v raz-
ličnih fiksnih točkah GKKM modela. Mešane sklopitve so Jls,qs = 0, od nič različne
sklopitve so navedene v legendi. V GKKM modelu lahko identificiramo pet različ-
nih fiksnih točk, katerih rezidualne entropije so povzete v Tabeli 8.1. Entropija S1
ustreza stanju s prostim spinom S = 1 in tirno vrtilno količino L = 1. Entropija S4
ustreza stanju s prostim spinom S = 1 ali tirno vrtilno količino L = 1; če sta prisotni
obe prostostni stopnji, mora biti ena izmed obeh popolnoma zasenčena. Entropija
S2 ustreza modelu s prostim spinom S = 1 ter delno zasenčeno tirno vrtilno količino.
Fiskna točka je nestabilna in v prisotnosti členov, ki zlomijo simetrijo delec-vrzel,
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Tabela 8.1: Rezidualna entropija različnih fiksnih točk GKKM modela.
ID Sres
S1 log(9)
S2 log(3) + log
(
3+
√
5
2
)
, log
(
1
sin(π/8)
)
S3 log(3) +
1
2
log
(
3+
√
5
2
)
S4 log(3)
S5
1
2
log
(
3+
√
5
2
)
−0.02 0.00 0.02
ω
0.00
0.05
0.10
0.15
(a)Kondo
Jls,qs = 0.05
Jls,qs = 0.03
Jls,qs = 0.005
−0.04 −0.02 0.00 0.02 0.04
ω
0.05
0.10
0.15
0.20
(b)Kondo, Jls,qs = 0
Jq = 0.005, Jls,qs = 0
Jq = Jls,qs = 0
Jp = Jq = Jls,qs = 0
Slika 8.5: Spektralne funkcije GKKM z različnimi sklopitvami pri temperaturi
T = 0. a) Vpliv mešanih sklopitev Jls,qs. b) Kondo model z različnimi simetrijami.
model preide v fiksno točko z entropijo S3. Fiksna točka S3 je pomembna za fi-
ziko Hundovih kovin v območju med obema Kondovima temperaturama: spin je
prost, tirna vrtilna količina je delno senčena in simetrija delec-vrzel je zlomljena.
Minimalna modela, ki opisujeta takšno fiziko sta (ter njuna linearna superpozicija):
HK = JpNf + JlL · l, (8.6)
HK = JqQ · q. (8.7)
Na Sliki 8.5 si oglejmo vpliv mešanih členov na spekter Kondovega modela ter
spekter v različnih fiksnih točkah. (a) Spekter Kondovega modela je enak spek-
tru Hundovih kovin. Manjšanje mešanih členov Jls,qs močno vpliva na širino spek-
tralnega vrha, vendar oblika ostaja enaka. Tako so mešani členi ključno določajo
nizko-energijske fizikalne lastnosti Andersonovega modela. Na (b) prikazujemo vpliv
kvadrupolne sklopitve ter potencialnega sipanja na nizko-energijski del spektra. V
vseh primerih so mešani členi enaki Jls,qs = 0. Manjšanje kvadrupolne sklopitve
Jq zniža koherenčno skalo ter vodi do večje asimetrije kvazidelčnega vrha. Ko sta
sklopitvi Jp = Jq = 0, noben člen ne zlomi simetrije delec-vrzel zato postane spekter
simetričen.
Študija GKKM je razkrila več fiksnih točk, izmed katerih je S3 najverjetneje
ključna za fizikalne lastnosti rutenatov pri temperaturah med obema Kondovima
temperaturama. Predstavili smo tudi minimalni Kondov model za opis tega stanja
ter izračunali spektralne lastnosti za različne Kondove sklopitve.
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8.2 Sklopitev spin-tir
Sklopitev spin-tir ima lahko znaten vpliv na lastnosti oksidov prehodnih kovin. Kot
primer lahko navedemo iridijeve okside, v katerih sklopitev povzroči razcep 5d orbital
kar vodi do Mottovega faznega prehoda. [16, 19, 20] Jakost sklopitve spin-tir v
3d oksidih raste z vrstnim številom Z kot λ ∝ Z4 [142], ter v Hundovih kovina
dosega vrednosti 0.1 − 0.2 eV, ki so primerljive z jakostjo Hundove sklopitve JH =
0.3 − 0.4 eV. Teorija dinamičnega povprečnega polja brez upoštevanja sklopitve
spin-tir dobro opiše lastnosti rutenijevih oksidov [6, 11, 68, 85, 86, 87], kljub znatni
izmerjeni vrednosti sklopitve spin-tir [82, 83, 84]. Pokažemo, da ima sklopitev spin-
tir znaten vpliv na fiziko nečistoče šele, ko je absolutna vrednost sklopitve večja od
kritične vrednosti λc ≈ TLK , ki je enaka orbitalni Kondovi temperaturi modela brez
sklopitve spin-tir. Rešujemo Kanamorijev model nečistoče z zasedenostjo Nd = 2, 4
v prisotnosti sklopitve spin-tir. Za reševanje uporabimo program NRG Ljubljana, ki
ga razširimo s vključitvijo simetrije, ki ohranja celotno tirno količino J = L+S, kar
znatno zmanjša računsko zahtevnost problema. Osnovno stanje modela je Fermijeva
tekočina za širok spekter parametrov. S pomočjo kvazidelčnega faznega zamika
lahko razločimo tri različna osnovna stanja, ki so odvisna od jakosti ter predznaka
sklopitve spin-tir: Hundova kovina pri |λ| < λc, ne-magnetni Van Vleckov režim pri
λ > λc, ter j = 3/2 kovina pri λ < −λc. V zadnjem delu predstavimo spektralne
lastnosti nečistoče v teh območjih.
Rešujemo model tri-orbitalne nečistoče s Kanamorijevo interakcijo ter sklopitvijo
spin-tir: [94]
Himp =
1
2
(U − 3JH)Nd(Nd − 1)− 2JHS2 −
JH
2
L2 + ϵNd +Hls, (8.8)
Hls = H
z
ls +H
xy
ls , (8.9)
Hzls =
λ
2
l∑
m=−l
m(d†m↑dm↑ − d†m↓dm↓), (8.10)
Hxyls =
λ
2
l−1∑
m=−l
√
(l −m)(l +m+ 1)(d†m+1↓dm↑ + d†m↑dm+1↓). (8.11)
Operatorji d(†)mσ anihilirajo (kreirajo) elektrone s spinom σ na mestu nečistoče v or-
bitali m. U, JH sta Hubbardov odboj ter Hundova sklopitev. Nd =
∑
m nm,S =∑
m sm,L =
∑
m lm so operatorji naboja, spina ter tirne vrtilne količine na neči-
stoči. Model Himp ima polno rotacijsko SO(3) simetrijo, prav tako ohranja število
elektronov. Nečistoča je sklopljena na kopel prevodniških elektronov s konstantno
gostoto stanj ρ = 1/2D, kje je D = 1 polovica pasovne širine.
Najprej izračunamo vpliv sklopitve spin-tir na termodinamične lastnosti neči-
stoče. Parametri modela so U/D = 3.2, JH/D = 0.4, in Γ/D = πρ0V 2 = 0.05.
Na Sliki 8.6 (a) prikazujemo efektivni spin ter tirno vrtilno količino v odsotnosti
sklopitve spin-tir, (b) efektivno celotno vrtilno količino, (c) prispevek nečistoče k
entropiji ter (d) pričakovano vrednost kvadrata celotne vrtilne količine.
Majhne vrednosti sklopitve spin-tir, |λ| < λc ≈ TLK , nimajo vpliva na fiziko mo-
dela. Ko sklopitev povečamo, dobimo karakteristično različno obnašanje za pozitivne
ter negativne vrednosti sklopitve. Sama sklopitev spin-tir λ̃ > 0 je vedno pozitivna.
Ker je sklopitev anti-simetrična na preslikavo delec-vrzel ter zaradi TP korespon-
dence, ki se pojavi v t2g orbitalah, se pri interakciji lahko pojavi dodaten predznak
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Slika 8.6: (a) Efektivni spin ter tirna vrtilna količina pri λ = 0. (b) Efektivna ce-
lotna vrtilna količina. (c) Prispevek nečistoče k entropiji. (d) Pričakovana vrednost
⟨J2⟩. Cele (prekinjene) črte predstavljajo rezultate za λ < 0 (λ > 0).
η ∈ {−1, 1}. Efektivno sklopitev tako označimo λ = ηλ̃. V odsotnosti sklopitve
spin-tir dobimo obnašanje, karakteristično za Hundove nečistoče: z nižanjem tem-
perature model najprej preide v stanje s končnim spinom ter tirno vrtilno količino,
L = 1, S = 1, čemur sledi senčenje tirne vrtilne količine in nato še spina. Pričakovana
vrednost kvadrata celotne vrtilne količine je konstantna ⟨J2⟩ = ⟨L2⟩+ ⟨S2⟩ = 4.
Pri negativnih vrednostih sklopitve λ < 0 je se tirna vrtilna količina in spin
seštejeta. Pričakovana vrednost ⟨J2⟩ = 2(2 + 1) = 6, J = L + S = 2. Ojačanje
sklopitve vodi do znižanja koherenčne skale modela. Pri pozitivnih vrednostih sklo-
pitve, λ > 0, se tirna vrtilna količina in spin poravnata v nasprotni smeri, kar vodi
do ne-degeneriranega osnovnega stana z J = L−S = 0, L = S = 1. Lokalni moment
je tako efektivno enak nič, zato pride le do potencialnega sipanja prevodniških elek-
tronov. Opazimo lahko, da moment J izgine pri temperaturah, ki ustrezajo jakosti
sklopitve spin-tir λ.
V Dodatku B.8 izpeljemo tudi Kondov model za J = 0, J = 2 in ugotovimo, da
k potencialnemu sipanju pri J = 0 prispevata dva člena:
HK(J = 0) = JpNd
∑
kk′mσ
c†k′mσckmσ + J0T
∑
kk′mm′σσ′
c†k′m′σ′tmm′σσ′ckmσ, (8.12)
T = − 1√
3
[
Lz ⊗ Sz +
1
2
(L+ ⊗ S− + L− ⊗ S+)
]
. (8.13)
Prvi člen opisuje klasično potencialno sipanje. Drugi člen smo prvič opazili v tem
Kondovem modelu in se ne pojavi v modelih brez sklopitve spin-tir.
Na Sliki 8.7 prikazujemo (a) Kondovo temperaturo, (b) susceptibilnost vrtilne
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Slika 8.7: (a) Kondo temperatura. (b) Susceptibilnost celotne vrtilne količine χJ
ter pričakovana vrednost ⟨J2⟩. (c) Kvazi-delčni fazni zamik.
količine J , pričakovano vrednost ⟨J2⟩ ter (c) fazni zamik kvazi-delcev v odvisnosti
od sklopitve spin-tir pri temperaturi T = 0. Navpične sive črte ustrezajo orbitalni
Kondovi temperaturi modela nečistoče brez sklopitve spin-tir. Rezultat nazorno pri-
kazuje, da se količine ne spreminjajo bistveno v odvisnosti od λ, če je jakost sklopitve
|λ| manjša od orbitalne Kondove temperature. Osnovno stanje modela je Fermijeva
tekočina za širok spekter parametrov, kar nam omogoča izračun kvazi-delčnega fa-
znega zamika. Ločimo lahko tri različne režime: pri |λ| < TLK se model obnaša kot
Hundova kovina, pri λ > TLK model postane Van Vleckov izloator. Sklopitev spin-tir
namreč razcepi stanja z j = 1/2, j = 3/2. V Van Vleckovem izolatorju je osnovno
stanje j = 1/2 popolnoma zasedeno, saj je Nd = 2. Pri λ < −TLK je osnovno stanje
j = 3/2 in je polovično zasedeno, kar vodi do j = 3/2 kovine.
Na Sliki 8.8 si oglejemo še spektralne funkcije nečistoče v treh različnih območjih.
Za |λ| < λc je sta j = 1/2, j = 3/2 spektra enaka spektru Hundovih kovin. Ko λ
preseže kritično vrednost se spektra j = 1/2, j = 3/2 pričneta razlikovati. Za
negativno vrednost λ < 0 se spekter j = 1/2 pomakne k višjim energijam, spekter
j = 3/2 k nižjim. Prvi ima vse manjšo utež pri ω = 0. Pri visokih jakosti sklopitve
spin-tir je pas j = 1/2 potisnjen nad Fermijevo energijo, nakar je pas j = 3/2
polovično zaseden, kar vodi do kovinskega stanja.
Za pozitivne vrednosti λ je j = 1/2 pas potisnjen pod Fermijev nivo in je popol-
noma zaseden, zato model postane Van Vleckov izolator. Pas j = 3/2 je potisnjen
nad Fermijev nivo.
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Slika 8.8: Spektrane funkcije Kanamorijeve nečistoče v prisotnosti sklopitve spin-
tir. Posebej rišemo vzbuditve stanj z j = 1/2 in j = 3/2.
8.3 Obravnava tri-orbitalnega Kanamorijevega mo-
del na Bethe mreži v teoriji dinamičnega pov-
prečnega polja
Teorija dinamičnega povprečnega polja (angl. dynamical mean-field theory, DMFT)
je ena izmed najuspešnejših teorij za obravnavo močno koreliranih sistemov. V tem
poglavju opazujemo vpliv korelacij na fizikalne in transportne lastnosti Hudovih
kovin ter predstavimo temperaturno odvisnost spektralnih funkcij, prevodnosti in
Seebeckovega koeficienta. Rešujemo problem tri-orbitalne nečistoče na Bethe mreži
pri konstantni zasedenosti Nd = 2 ter parametrih U/D = 3.2, JH = U/6, ki so
značilni za Hundove kovine (rutenijeve okside).
Na Sliki 8.9 (a), (b) prikazujemo spektralne funkcije modela ter kvazidelčno utež
Z pri različnih vrednostih U . Opazimo, da so korelacije prisotne, Z = 0.4, tudi
pri majhnih vrednostih parametra U = 2. Mottov prehod iz kovine v izolator se
zgodi pri U = 6, kjer Z pade na 0. Spektralne funkcije imajo enako obliko kot
spektralne funkcije Hundove nečistoče. V kovinski fazi opazimo dva Hubbardova
pasova in kvazidelčni vrh. Z večanjem parametra U se zgornji Hubbardov pas po-
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Slika 8.9: Slika (a) in (b) DMFT spektralne funkcije tri-orbitalnega Kanamorijevega
modela na Bethe mreži pri različnih vrednostih U , Hundovi sklopitvi JH = U/6 ter
zasedenostiNd = 2. Na sliki (a) prikazujemo tudi kvazidelčno utež Z. (c) Imaginarni
del Σ(ω). Navpične črte označujejo položaj orbitalne Kondove temperature. (d)
Spinska in orbitalna Kondova temperatura ter položaj nekoherentnega vrha pri JH =
U/4.
mika k višjim energijam. Notranja struktura pasu postaja vse bolj izrazita, kar je
posledica razcepa atomskega multipleta z Nd = 3. Kvazidelčni vrh se oža z veča-
njem parametra U ter postaja vse bolj asimetričen. Asimetrija je posledica zloma
simetrije delec-vrzel, ki izvira iz potencialnega sipanja, kvadrupolnih ter mešanih
Kondovih sklopitev. Oblika kvazidelčnega vrha je podobna spektru Kondo modela
v območju ne-Fermijeve tekočine. Nekoherentni del ekscitacije se pojavi pod Fermi-
jevim nivojem ter postane vse bolj izrazit, ko se približujemo Mottovemu faznemu
prehodu.
Na Sliki 8.9 (c) prikazujemo imaginarni del Σ(ω) ter na (d) spinsko in tirno
Kondovo temperaturo ter položaj nekoherentnega dela ekscitacije. Navpične črte
na (c) ustrezajo orbitalnim Kondovim temperaturam. Opazimo lahko tesno pove-
zavo med položajem vrha nekoherentne ekscitacije ter položajem orbitalne Kondove
temperature. Spinska Kondo temperatura ima karakteristično drugačno obnašanje.
Izračunali smo tudi upornost, Seebeckov koeficient ter temperaturno odvisnost
spektralnih funkcji. Rezultate prikazujemo na Sliki 8.10. Pod spinsko Kondovo
temperaturo se model obnaša kot Fermijeva tekočina: upornost je kvadratna funkcija
temperature. Nad T SK upornost postane linearna, krši Mott-Ioffe-Regel (MIR) limito
ter preide v drug linearni režim z večjim naklonom.
Pri nizkih temperaturah je Seebeckov koeficient linearen, kot sledi iz Mottove
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Slika 8.10: (a), (b) Upornost ter Seebeckov koeficient. (c) Spektralne funkcije pri
različnih temperaturah. Parametri so U = 3.2, JH = U/6, Nd = 2.
enačbe. Ko dosežemo orbitalno Kondovo temperaturo Seebeck doseže vrh in nato
prične močno padati proti 0. Položaj ter višina vrha se ujemata z dognanji iz
Ref. [80]. Pri višjih temperaturah se Seebeckov koeficient prične ujemati s Heikesovo
enačbo µ/T .
Oglejmo si še temperaturno odvisnost spektralnih funkcij. Temperaturni vpliv na
spektralne funkcije je znaten šele, ko temperatura preseže spinsko Kondovo tempe-
raturo. Pri T > T SK se kvazidelčni vrh razširi ter zniža. Vrh postaja bolj simetričen,
kar se odraža tudi v Seebeckovem koeficientu. Nad orbitalno Kondovo temperaturo
nekoherentni del kvazidelčnega postane zabrisan. Temperatura vpliva samo na del
spektra pri energijah |ω| < T . Tudi nad temperaturo, kjer upornost krši MIR limito,
lahko jasno razločimo kvazidelčni vrh ter Hubbardove pasove. [108]
8.4 Mrežni Kondo Model
Snovi, kot je CaCuRuO, dobro opiše mrežni Kondo model (angl. Kondo Lattice Mo-
del, KLM), kjer so nečistoče razporejene na kristalni mreži ter so sklopljene na kopel
prevodniških elektronov. Elektroni Ru ionov v CaCuRuO občutijo močan Hubbar-
dov odboj [109, 110, 111], zato je za to snov primeren opis s KLM ter Hubbardovo
interakcijo med prevodniškimi elektroni:
H =
∑
k,σ
ϵkc
†
kσckσ + U
∑
i
ni,↑ni,↓ + J
∑
i
Si · σi. (8.14)
Tak model imenujemo tudi KLM-U. Prvi člen opisuje kinetično energijo prevodni-
ških elektronov na mestu i, drugi člen opisuje Hubbardov odboj med prevodniškimi
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Slika 8.11: Upornost pri nizkih temperaturah (a) Hubbardovega modela (J = 0)
ter (b)-(d) KLM model (U = 0).
elektroni na mestu i in zadnji člen opisuje Kondovo sklopitev med spinom nečistoče
Si ter spinsko gostoto prevodniških elektronov σi na mestu i.
V DMFT smo izračunali upornost eno-orbitalnega KLM, Hubbardovega mo-
dela ter modela KLM-U v paramagnetni fazi. Na Sliki 8.11 prikazujemo nizko-
temperaturno upornost Hubbardovega ter KLM modela pri zasedenosti prevodni-
škega pasu n = 0.8. Hubbardov model se pri nizkih temperaturah obnaša kot Fermi-
jeva tekočina, zato je upornost kvadratna. Pri višjih opazimo dve območji z linearno
upornostjo. Na grafih (b)-(d) prikazujemo upornost KLM modela. Pod Kondovo
temperaturo ima model lastnosti Fermijeve tekočine. Upornost močno naraste, ko se
približamo Kondovi temperaturi ter doseže vrh. Nad Kondovo temperature prične
upornost padati, nakar monotono narašča.
Na Sliki 8.12 prikazujemo rezultate upornosti KLM-U modela. (a) Začnemo s
KLM-U modelom brez Hubbardovega odboja U = 0, ter ga počasi povečujemo.
Z večanjem parametra U se vrh pri Kondovi temperaturi se razširi ter pomika k
višjim vrednostim in počasi izgine. Hubbardov odboj povzroči korelacije med pre-
vodniškimi elektroni, kar vodi do znižanja gostote stanj ter posledično do povišanja
Kondove temperature KLM modela. Pri višjih temperaturah se upornost močno
poveča ter postane podobna upornosti Hubbardovega modela.
Na grafih (b) in (c) opazujemo, kako se spreminja upornost KLM-U modela, ko
povečujemo Kondovo sklopitev J . Povečanje sklopitve J poveča upornost KLM-U
modela pri vseh temperaturah. Pri majhni Kondovi sklopitvi je Kondova tempe-
ratura nizka, zato se vrh v upornosti pojavi pri zelo nizkih temperaturah. Ker
temperaturna odvisnost upornosti pri temperaturah nad Kondovo temperaturo lo-
garitemska, bo KLM model prispeval k upornosti, tudi če bo Kondova temperatura
zelo nizka. KLM poveča upornosti tudi pri visokih temperaturah.
Na grafu (d) prikazujemo upornost KLM ter Hubbardovega modela pri visokih
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Slika 8.12: Upornost KLM-U modela. (a) KLM pri J = 0.3 pri različnih vrednostih
U . (b) in (c) Hubbardov model (U = 4) pri različnih vrednostih J . (d) Upornosti
Hubbardovega ter KLM modela pri visokih temperaturah.
temperaturah. Obe upornosti kršita MIR limito ter imata linearno temperaturno
odvisnost.
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